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Abstract

This is the progress report of the project “Distributed Cooperative Control of Multiple Non-
linear Systems with Nonholonomic Constraints and Uncertainty”. It includes our achieve-
ments in research and education with the support of this project.



Chapter 1

Problems Considered In This Project

Consider a group of m mechanical systems with nonholonomic constraints and uncertainty,
with the aid of Lagrangian formulation the motion of system j is defined by [1, 2]

M;(q.j, @y, By) G + Cildsjs dsjs 45 Bi)dsj + G, a5, B5)
+ Dj(ae) = Bj(awj, 0 Bi) 5 + Jj(qj, a5) T
Jj(Gs5> )i = 0
where ¢.; = [q1j, - - -, qnj]T is the state of system j, a; is the geometric parameter uncertainty,
B; is the inertia parameter uncertainty, M; is an n x n bounded positive-definite symmetric
matrix, C;q,; is centripetal and Coriolis force, G; is gravitational force, D, includes un-
modeled dynamics, disturbance, and noise, B; is an n x r input matrix, 7; is an r-vector of
control input, J; is an (n—s) x n matrix with s = n—Rank(J;), A; is an (n — s)-vector of the
constraint force on system j, and the superscript T denotes the transpose. The constraint
(1.2) is assumed to be completely nonholonomic [3]. It should be noted that in eqn. (1.1)
there are both parameter uncertainty (i.e., a; and ;) and non-parameter uncertainty (i.e.,
D;).

For the m systems, there is information exchange between
systems by sensors or wireless communication. For simple pre-
sentation, information obtained by sensors and wireless com-
munications is not distinguished and is considered as the same.
For each system, the available information for feedback design
is its own information and the information received from its
neighbors. If each system is considered as a node, the infor-
mation exchange between systems can be described by a direct
graph (i.e., digraph) G = {V, €} where V = {1,2,...,m} is a
node set and &£ is an edge set with element e;; that describes
the information flow from node ¢ to node j. If the information of system ¢ is available to
system 7, there will be an edge e;; in £. System i is said to be a neighbor of system j if
the information of system ¢ is available to system j. For system j, the indices of its neigh-
bors form a set which is denoted by Nj. Therefore, the available information to system j
for controller design is the information of system j and the information of system ¢ for all
i € Nj. For example, for a group of five systems with information flow as in Figure 1.1,

&

Figure 1.1: Information flow
between systems

1



the information flow can be defined by the digraph G = {V, £} where V = {1,2,3,4,5} and
&= {612762576327643, €54, 651}-

Before proposing the research problems in this project, eqns. (1.1)-(1.2) will be converted
into an appropriate form. Let the vector fields ¢1,(qsj, ), ..., gsj(gs;, ;) form a basis of
the null space of J;(q.;, a;), by eqn. (1.2) there exists an s-vector u.; = [uyj, ..., us]" such
that

Guj = G2 (@ @) nj = 915(Qujy ) )U1G + - -+ + G (G ) s (1.3)

where ¢.;(quj, 05) = [915(qujs ), - -1 Gsi(quj, )] € R™5. If o is assumed to be a constant
vector, differentiating both sides of (1.3) and substituting it into (1.1) and multiplying both
sides by ¢.;(q«j, ;)" , one has

M; (G 5, B )ionj + C(Gujs Qg @55 B) g + G (g @, B3) + Dj (g ) = Bj(4s5, 0, 53’()1734
where it is applied the fact that g;(¢.j, ;)" Jj(quj, )" = 0, and M; = g;D-Mjg*j, C; =
9M;g. +9.;C59., Gi = 9.;G;, Dj = g.;D;, and B; = g, B;.

System (1.3) is called the kinematics of system (1.1)-(1.2). System (1.4) is called the
dynamics of system (1.1)-(1.2). Eqn. (1.3) is a drift-less nonlinear system and is called a
nonholonomic system. System (1.3)-(1.4) describes the motion of system (1.1)-(1.2). The
control problem defined for system (1.1)-(1.2) is equivalent to the control problem defined
for system (1.3)-(1.4). Hereafter, control problems are defined for system (1.3)-(1.4) instead
of system (1.1)-(1.2).

System (1.3) is a general drift-less nonlinear system with uncertainty. For many practical
systems, for example wheeled mobile robots and unmanned aerial vehicles, system (1.3) can
be locally or globally converted into the well-known chained form by an appropriate state
transformation [4]. For example, if s = 2 and «; is known, there exists an appropriate state

transformation

~—

Laj = T1(qej, ), s = To(uj 05) 05 (1.5)

for 1 < j < m such that system (1.3)-(1.4) is transformed into the following well-known
extended chained form

jf’lj = V14, j}gj = Vgj, LUZ] = V1;Ti—14, 3 S 1 S n (16)
Mj’i}*j + CjU*j + Gj + Dj = BjTj (17)

where Tsj = [l’lj,...,l’nj]—r, Vsj = [Ulj,’UQj]T, Mj = T2TMjT2, éj = T2T(MjT2 + CjTQ),
éj =T, Gy, [)j =T, D;, and Bj =T, B,.

System (1.6) is the well-known chained form system with two inputs. If s > 2, in many
practical applications, system (1.3) can be converted into the chained form system with
multiple inputs and multiple-generators [3] through appropriate state transformations.

1.1 Cooperative Control of Multiple Nonholonomic Dy-
namic Systems

For multiple systems in (1.3)-(1.4), the following problems are considered.

2



Consensus Problem of Dynamic Systems: For a group of m systems in (1.3)-(1.4),
if there is uncertainty in eqns. (1.3)-(1.4) and the information exchange digraph G is fixed
or time-varying, the problem is how to design a distributed control law 7; for system j based
on its own information and its neighbors’ information such that

tli)m (gj—c)=0, 1<j<m, (1.8)
where ¢ is an unprescribed constant vector which depends on the initial condition of each
system and the topology of digraph G.

Distributed Tracking Control of Dynamic Systems: For a group of m systems in
(1.3)-(1.4) and a desired trajectory ¢? which is available to a portion of the m systems. If
there is uncertainty in eqns. (1.3)-(1.4) and the information exchange digraph G is fixed or
time-varying, the problem is how to design a distributed control law 7; for system j based
on its own information and its neighbors’ information such that

lim (¢.; —¢%) =0, 1<j<m. (1.9)

t—o00

1.2 Cooperative Control of Multiple Nonholonomic Dy-
namic Systems with Non-ideal Nonholonomic Con-
straints

In eqns. (1.1)-(1.2), the right-side of the constraint (1.2) is assumed to be zero. In practice,
since the structure of a mechanical system is not rigid or other reasons, the right-side of the
constraint (1.2) may not be zero. To deal with this situation, the constraint can be described
by

Ji(@ejs 5)deg = €5(gs) (1.10)

where €(q,;) is a small perturbation. Let the vector fields g¢1;(q.j, @), --., 9s5j(qsj, @)
form a basis of the null space of J;(q.;, ), by eqn. (1.10) there exists an s-vector wu,; =
[, ..., ug]" such that

G = 9uj(@s, )ty + I (qug, ) [T (qegy 05) T (g )] €5(qy)
= Guj(Qujs )i + Dj(quj, @j) (1.11)

where ¢.;(qyj, ;) = [91(quj, @), - - -, 95i(quj, )] € R™®. If ; is assumed to be a constant
vector, differentiating both sides of (1.11) and substituting it into (1.1) and multiplying both
sides by g.;(qs;, ;) ", one has (1.4), where D, is a new matrix and is unknown.

Different from eqn. (1.3), the system in eqn. (1.11) is not a drift-free system. Since €; is
generally small, system (1.11) can be considered as a system in (1.3) with small perturbation.
In eqn. (1.11), there are both parameter uncertainty and non-parameter uncertainty.

The dynamics (1.4) are ignored and w,; is assumed to be a virtual control input. It is
assumed that the geometric parameter parameter «; is known and that eqn. (1.11) can be



converted into the following perturbed chained form by appropriate transformations z,; =
T1(qs5, ) and wy; = To(qsj, @)y

1 = vij + d1j(215), Toj = Vzj + ¢2;(Tsj, V1),
Tij = i-1,015 + 01500 (Tij, v15), 3 <i<n (1.12)
where Z;; = [Tij, Tit14, .-, Tn;] |, ¢ij are unknown functions and satisfy some assumptions,

and (v, v9;) are new inputs.

The following problems are proposed in this project.

Consensus Problem of Dynamic Systems with Non-ideal Nonholonomic Con-
straints: For a group of m systems in (1.11) and (1.4), if there is uncertainty in eqns.
(1.11) and (1.4) and the information exchange digraph G is fixed or (1.8) is satisfied, where
¢ is unprescribed constants which depends on the initial condition of each system and the
topology of digraph G.

Distributed Tracking Control of Dynamic Systems with Non-ideal Nonholo-
nomic Constraints: For a group of m systems in (1.11) and (1.4) and a desired trajectory
q% which is available to a portion of the m systems. If there is uncertainty in eqns. (1.11)
and (1.4) and the information exchange digraph G is fixed or time-varying, the problem is
how to design a distributed control law 7; for system j based on its own information and its
neighbors’ information such that (1.9) is satisfied.



Chapter 2

Summary of Achievements

In this chapter, we summarize our achievements in research and education.

2.1 Achievements in Research

In this project, we studied the four control problems and have proposed different methods
for the proposed problems. Fruitful results have been obtained.

1. For the consensus problem of dynamic system, we proposed a “transverse function”
based approach with the aid of backstepping techniques (See Chapter 3). In order
to solve the consensus problem of the dynamic systems, the solutions were proposed
in two steps. In the first step, we assume that the dynamics of each system can be
ignored and consider the consensus problem of kinematic systems. With the aid of the
transvere functions, distributed controllers were proposed for kinematic systems. In the
second step, we propose distributed controllers for the dynamical systems with the aid
of the backstepping techniques and the results in the first step. Considering different
uncertainty in the dynamics of each systems, distributed adaptive and distributed
robust controllers were proposed, respectively. For details, please see Chapter 3.

2. For the distributed tracking control of dynamic system, the problem is solved in two
steps. In the first step, we solve the distributed tracking problem of multiple kinematic
systems. In the second step, we solve the distributed tracking control problem of
dynamic systems with the aid of the results in the first step.

e For tracking control of kinematic systems, we have obtained the following results.

(a) Distributed tracking control of multiple nonholonomic chained systems is consid-
ered by using neighbours’ information. With the aid of the cascade structure of
each system and properties of persistently excited signals, distributed state feed-
back tracking controllers and distributed output feedback tracking controllers are
proposed such that the tracking errors exponentially converge to zero. To show
applications of the proposed results, formation control of wheeled mobile robots
is considered. Distributed controllers are obtained with the aid of the proposed
theorems. See Chapter 4 for details.



(b)

The leader-following consensus problem of multiple chained systems with directed
communication topology is considered. If the state of each system is measurable,
distributed state feedback controllers are proposed using neighbors’ state informa-
tion with the aid of Lyapunov techniques and properties of Laplacian matrix for
time-invariant communication graph and time-varying communication graph. It is
shown that the states of the systems reach consensus exponentially. If the state of
each system is not measurable, distributed observer-based output feedback control
laws are proposed. As an application of the proposed results, formation control
of wheeled mobile robots is studied. The simulation results show the effectiveness
of the proposed results. See Chapter 5 for details.

The distributed formation control of multiple nonholonomic wheeled mobile robots
with a leader is considered. Distributed tracking control laws are proposed with
the aid of results of cascade systems such that the centroid of the states of a group
of mobile robot exponentially tracks the leader. See Chapter 6 for details.

e For tracking control of multiple dynamic systems, we have obtained the following
results.

(a)

The leader-following control problem of multiple mechanical systems with /without
velocity constraints using neighbors’ information is considered with the aid of neu-
ral networks. With the aid of the approximation property of neural networks, the
cascade structure of each system, and the properties of linear time-varying sys-
tems, based distributed robust adaptive state feedback controllers are proposed
such that the state of each follower system asymptotically converges to the state
of a leader system. To verify the proposed results, formation control of wheeled
mobile robots and synchronization of multiple 2-DOF manipulators are consid-
ered. Distributed controllers are obtained with the aid of the proposed results.
Simulation results show the effectiveness of the proposed results. See Chapter 7
for details.

Formation tracking control of multiple wheeled mobile robots is studied. The
reference trajectory is considered as a virtual leader vehicle system while the real
multiple vehicle systems are considered as follower agents. Chained-form systems
and theories of cascaded systems and communication graph are introduced to
design control methods for kinematic systems. In addition to distributed con-
trol algorithms for kinematic multi-vehicle systems, formation control of vehicles
dynamics is addressed with the aid of backstepping method, parametrical uncer-
tainties of vehicles mechanics are estimated by sliding mode control. See Chapter
8 for details.

Distributed tracking control is considered for multiple wheeled mobile robots.
Laplacian matrix is introduced to characterize the communication topology. Since
there are parameter uncertainties for each mechanical system, adaptive control
method is applied for controller design of the dynamical systems. Distributed
adaptive state feedback control laws are presented with the aid of the agents
neighboring information. See Chapter 9 for details.



(d) Tt is considered the teleoperation of a cluster of mobile robots that are required
to follow a desired trajectory while maintaining a desired rigid formation pattern.
The centroid of the robot formation is modeled as a virtual robot. Distributed
control laws designed using a backstepping method are proposed for each robot
with the aid of neighbors information. It is shown that the motion of the centroid
of the cluster of robots is synchronized to that of the virtual robot. The theoretical
results are validated by simulations on a cluster of five mobile robots. See Chapter
10 for details.

3. For the consensus problem of dynamic systems with non-ideal nonholonomic con-
straints, a transverse function based approach was proposed. In this approach, two
problems were solved step by step. We first propose distributed controllers for kine-
matic systems with the aid of graph theory. Then, we propose distributed controllers
for multiple dynamic systems. If the uncertainty in the dynamics is parametric, dis-
tributed adaptive controllers are proposed. If the uncertainty in the dynamics is non-
parametric, distributed robust controllers are proposed. For details, please see Chapter
11,

4. For the distributed tracking control of dynamic systems with non-ideal nonholonomic
constraints, we considered distributed tracking control of kinematic systems and dis-
tributed tracking control of dynamic systems. For these two problems, practical dis-
tributed tracking controllers are proposed with the aid of robust control and graph
theory. The method proposed for the problems can be applied to solve distributed
racking control of multiple systems with more general forms. For detail, please see
Chapter 12.

5. In addition solving the problems proposed in this proposal, we also solve the cooperative
of other related problems. The following problems have been studied and the solutions
for them have been obtained.

(a) Consensus Seeking of Nonlinear Systems: Two consensus problems of multiple
nonlinear systems are considered. In the first consensus problem, distributed
control laws for multiple nonlinear systems are proposed such that the state of each
system converges to a constant agreement vector with the aid of communications
between systems. In the second consensus problem, distributed robust/adaptive
control laws for multiple nonlinear systems are proposed such that the state of
each system converges to the state of a reference system whose state is available
to a portion of multiple systems.

(b) Distributed Estimated-Based Tracking Control of Multiple Uncertain Nonlinear
Systems: It is considered the tracking control of multiple uncertain nonlinear sys-
tems with a desired signal which is not available to each system. An estimation-
based controller design approach is proposed. Distributed estimation-based adap-
tive controllers are proposed with the aid of Lyapunov techniques and results from
graph theory. Simulation results show the effectiveness of the proposed controllers.



(c) Distributed Output Tracking Control of Heterogeneous linear Agents: Distributed
output tracking control of a leader is considered. If the state of each system is
measurable, distributed state feedback controllers are proposed such that the out-
put of each system asymptotically converges to the output of the leader with the
aid of the internal model principle. If the state of each system is not measurable,
distributed output feedback controllers are proposed with the aid of state estima-
tion such that the output of each system asymptotically converges to the output
of the leader. Simulation study validates the proposed results.

(d) Consensus of uncertain nonlinear systems: For multiple nonlinear systems the
consensus control problem is considered. Consensus algorithms are proposed with
the aid of Lyapunov techniques and results from graph theory. To show the
effectiveness of the proposed algorithms, simulation results are presented.

(e) Consensus seeking of heterogeneous nonlinear agents: It is considered the consen-
sus seeking problem of multiple heterogeneous nonlinear systems with a leader.
With the aid of distributed estimation, distributed state feedback laws are pro-
posed such that the output of each system converges to the output of the leader
system. Simulation results show effectiveness of the proposed control laws.

(f) Robut/Adaptive Tracking Control of Wave-Adaptive Modular Vessel with Uncer-
tainty: It is considered the tracking control of a wave adaptive modular vessel
(WAM-V) with unknown inertia parameters and disturbance. To overcome the
underactuated nature, practical control laws are proposed. If the inertia parame-
ters are not exactly known, a robust control law is proposed such that the tracking
error of the position of the WAM-V exponentially converges to a small neighbor-
hood of the origin. If the inertia parameters are unknown, a robust adaptive
control law is proposed such that the tracking error of the position of the WAM-
V asymptotically converges to a small neighborhood of the origin. In both cases,
the radius of the neighborhood can be as small as possible by choosing a small
control parameter. Simulation has been done to show the effectiveness of the
proposed control laws.

(g) Robut/Adaptive Tracking Control of Wave-Adaptive Modular Vessel with Un-
known Inertia Parameters: This paper considers formation control of multiple
wave-adaptive-modular vessels (WAM-Vs) with the aid of neighbors’ informa-
tion. Considering the water currents, it is assumed that the dynamics of each
WAMS-V is not exactly known and is subjected to disturbance. To overcome the
underactuated nature of a WAM-V, practical distributed robust tracking con-
trollers are proposed if estimates of inertia parameters are known. If the inertia
parameters are unknown, practical distributed adaptive tracking controllers are
proposed. Simulation results show the effectiveness of the proposed controllers.

6. In order to test our proposed results, a testbed of cooperative control of four wheeled
robots has been built. In this testbed, there are four P3-AT mobile robots. Each
robot is equipped with a camera and a laser sensor. Between robots, there is wireless
communication with the aid of university wireless infrastructure or an access point. The
proposed algorithms can be applied to make the robots move in a desired formation.



7.

Implement of control algorithms in the testbed. Some algorithms have been imple-
mented in the testbed in our lab. The effectiveness of the proposed algorithms have
been verified.

2.2 Achievements in Education

With the aid of the support of this funds, five graduate students have been financially
supported. The students have been involved in this research and received training in their
research. Some students have presented their research results in well-known professional
automatic control meetings and published their research results in peer-reviewed conference
proceedings.

1.

Chunyu Chen, Yifan Xing, Vladimir Djapic, and Wenjie Dong, “Distributed Formation
Tracking Control of Multiple Mobile Robotic Systems,” Proc. of IEEE Decision and
Control Conference, December, 2014.

C. Chen F. De La Torre, and W. Dong, “Distributed Exponentially Tracking Control
of Multiple Wheeled Mobile Robots,” Proc. of American Control Conference, 2014,
pp- 4014-4019.

Felipe De La Torre and W. Dong , “Distributed exponential formation control of mul-
tiple wheeled mobile robots,” Proc. of Int. Conf. on control, Dynamic Systems, and
Robotics, Ottawa, Canada, May, 2014.

Z. Sheng, W. Dong, and Jay Farrell, “Quaternion-Based Trajectory Tracking Control
of VTOL-UAVs Using Command Filtered Backstepping,” Proc. of American control
Conference, pp. 1020-1025, 2013.

Two graduate students have graduated and two master thesis have been produced.

1.

Chunyu Chen, Distributed formation tracking control of multiple car-like robots. Mas-
ter thesis, Department of Electrical Engineering, the University of Texas - Pan Amer-
ican, May, 2014.

. Yifan Xing, Dlistributed coordinae tracking control of multiple wheeled mobile robots.

Master thesis, Department of Electrical Engineering, the University of Texas - Pan
American, March, 2015.

2.3 Publications

For this project, four peer-reviewed journal papers and seven peer-reviewed conference papers
have been published.
Peer-reviewed journal papers:



1.

W. Dong and V. Djapic, “Leader-following control of multiple nonholonomic systems
with over directed communication graphs,” Int. J. of Systems Science, accepted for
publication, 2014

W. Dong, C. Chen, and Y. Xing, ”Distributed estimation-based tracking control of
multiple uncertain non-linear systems”, Int. J. of Systems Science, vol. 45, no. 10, pp.
2088-2099, 2014.

W. Dong, “Distributed Tracking Control of Networked Chained Systems,” Int. J. of
Control, vol. 86, no. 12, pp. 2159-2174, 2013.

W. Dong, “Adaptive Consensus Seeking of Multiple Nonlinear Systems,” Int. J. of
Adaptive Control and Signal Processing, vol. 26, no. 5, pp. 419-434, 2012.

Peer-reviewed conference papers:

1.

Chunyu Chen, Yifan Xing, Vladimir Djapic, and Wenjie Dong, “Distributed Formation
Tracking Control of Multiple Mobile Robotic Systems,” Proc. of IEEE Decision and
Control Conference, December, 2014.

. W. Dong, F. De La Torre, and Y. Xing, “Distributed Output Tracking Control of

Heterogeneous linear Agents,” Proc. of American Control Conference, 2014, pp. 4677-
4682.

C. Chen F. De La Torre, and W. Dong, “Distributed Exponentially Tracking Control
of Multiple Wheeled Mobile Robots,” Proc. of American Control Conference, 2014,
pp. 4014-4019.

Felipe De La Torre and W. Dong , “Distributed exponential formation control of mul-
tiple wheeled mobile robots,” Proc. of Int. Conf. on control, Dynamic Systems, and
Robotics, Ottawa, Canada, May, 2014.

Z. Sheng, W. Dong, and Jay Farrell, “Quaternion-Based Trajectory Tracking Control
of VTOL-UAVs Using Command Filtered Backstepping,” Proc. of American control
Conference, pp. 1020-1025, 2013.

W. Dong, M. Ben Ghalia, Y. Xing, and C. Chen, “Teleoperation of a Cluster of Mobile
Robots Subject to Model Uncertainty,” Proc. of American control Conference, pp.
6451-6456, 2013.

W. Dong, “On consensus of multiple nonlinear systems,” IEEE 7th Sensor Array, and
Multichannel Signal Processing Workshop, pp. 385-388, 2012.

In the peer-reviewed conference papers, four of them were firs-authored by our graduate
students. There are also several papers are under preparation for publication.
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Chapter 3

Consensus of Multiple Nonholonomic
Mechanical Systems

In this chapter, we consider the consensus problem of multiple nonholonomic mechanical
systems. In order to solve the problem defined in the proposal, we solve several consensus
problems step by step.

3.1 Distributed Controller Design for Chained Systems

Consider m systems in (1.5), i.e.,

i‘lj = Vi (31)
i‘gj = Vg 3.2
Ty = VTic1y, 3<i<n

The communication between systems is defined by a directed graph G = {V, E}. We consider
the following problem in this section.

Consensus of Multiple Chained Systems: For a group of m systems in (3.1)-(3.3),
the problem is how to design a distributed control law (vy;,vs;) for system j based on its
own information and its neighbors’ information such that

tli)m (25 —c) =0, 1<j<m, (3.4)
where z,; = [21;,. .. ,wm—]T and ¢ is an unprescribed constant vector which depends on the

initial condition of each system and the topology of digraph G.
The system (3.1)-(3.3) has a cascade structure. (3.1) is a linear system and (3.2)-(3.3) is
a linear time-varying system. We propose the following results for the system in (3.1).

Lemma 3.1. For m systems in (3.1), the distributed control law

vij = My (3.5)
mj = —kixy + Gy
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élj = —kaCij + Gy (3.7)

én—3,j = —ky2Cu-3; + G2

3.8
Cn2j = — Z aji(Cn-2,j — Cn-2,i) — b(Cr2,j — @) + & (3.9)
ieN;
ensures that
lim (1 — @) 20, 1<j#1<m (3.10)

where aj; are positive constants, b > 0, k; > 0 for 1 < ¢ < n — 2, and a s a variable.
Furthermore, if a is a bounded persistently excited signal and ¢ is also bounded, then vy; is
a bounded PE signal and lim;_,(vi; — vy;) L0 for1<j#1<m.

Proof: Let fn_g,j = (y_2,; — @ and 511—2,* = [fn_g,l, .. .,C~n_27m]T, with the control laws
we have

<n—2,* = _‘CEH—Z* - bgn—2,* = _('C + bI)En—Z*- (3'11)
where L is the Laplacian matrix. Since b > 0, (L+0bI) is a Hurwitz matrix. Therefore, En_g,*
exponentially converges to zero, which means that (, 5 ; exponentially converges to a.

Let 215 =21, —xy and G j; = G — G for 1 <i<nm—3and 1 <j#1 <m, then

Tiji = —kiZj+ G
Ciji = —hkaluiji+ Cai
Cnosji = —kn—2Cn-3j1+ G2,

Since k,,_o is positive and é:n_gd'l exponentially converges to zero, it is obvious that é:n_gd'l
exponentially converges to zero. Similarly, it can be proved that (,_3 ;; exponentially con-
verges to zero. Repeat this procedure, it can be proved that z,; ;; exponentially converges to
ZETO.

Since limt_,oo(xlj - xll) = 0 and limt_,oo(clj - Cll) S O, limt_,oo(vlj - Ull) = 0. By

(3.6)-(3.9), x1; = H(s)(n—2; where H(s) = m and H(s) is a stable, minimum phase,

proper rational transfer function. So, vi; = sH(s)(,—2;. It is obvious that sH(s) is also a
stable, minimum phase, proper rational transfer function. By Lemma 4.8.3 in [5], vy; is a
bounded PE signal. [ |

Remark 3.1. In Lemma 3.1, « is a control parameter. The reason for introducing it will
be clear later.

Remark 3.2. In Lemma 3.1, b is a positive constant. Actually, b can be zero for some
systems.

12



With the aid of the results in Lemma 3.1, we are ready to design controllers for the
systems in (3.2)-(3.3). We define the variables

zij = Tij+ By, 2<i<n (3.12)
where
ﬁnj =0
Bn-1,; = U%;L_E)an
2n—>5 1.
By = vij Cagy + —By, l=n—2n-3,...,2
V15
then we have
Zoj = g+ sz (3.13)
Zj = —vi Tz oz, 3<i<n (3.14)

It should be noted that the transform defined in (3.4) is global since f3;; is well-defined
because its special form. The following results can be proved.

Lemma 3.2. By the transform (3.4), if

tli)m(zij—zil):O, 2<i<ml1<j#l<m (3.15)
then
tli)m(xij—xil)zo, 2<i<m1<j#Il<m. (3.16)

The system (3.13)-(3.14) has a special structure. We will take advantage of this structure
and have the following results.

Lemma 3.3. If vy; is a bounded PE signal, zo; and zy are bounded, and
tliglo(sz —29) =0, 1<j#1<m (3.17)
then (3.15) holds.
Proof: For systems j and [ and j # [, we define e = z3; — z3,. Then
e = —v%;‘_‘le + (vfl"_A‘ — v%;‘_4)221 + (v1j225 — varza) (3.18)

Since vy, is a bounded PE signal and (z; — 29) converges to zero, it is obvious that e
converges to zero, which means that z3; converges to zs. Similarly, we can prove that z;
converges to z; for i =4,5,... n. [ |

Thanks to Lemma 3.3 and Lemma 3.2, it only needs to design vy; such that (3.17) holds.
We have the following results.
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Lemma 3.4. If the communication digraph has a spanning tree, the control law

V25 = 12

j
My = — Y iz — 22) — o (3.20)
i€N;

ensures that (3.16) holds.
Combine the results in Lemma 3.1 and Lemma 3.4, we have the following results.

Theorem 3.1. For the m systems in (3.1)-(3.2), if the communication digraph has a span-
ning tree and « is a bounded PE signal and & is bounded, the control laws (3.5) and (3.20)
for system j ensure that (3.4) holds, where the control parameters are defined in Lemmas
3.1 and 3.4.

In Theorem 3.1, & is required to be a bounded PE signal. There are many choices of a.
For example, we can choose a(t) = sint.

There are other methods for designing distributed controllers for the kinematic systems
in (3.1)-(3.3). For example, the method proposed in our paper [6] can be applied to propose
distributed controllers.

3.2 Distributed Controller Design for Driftless Systems

In the this section, we considered the following driftless systems

Gej = G15015 *** + GsjVsj = GujUs; (3.21)

where g1, ..., gs; are smooth functions on R" such that in a neighborhood of 0 the dimension
of the distribution A;(q.;) = Span{g(q.;) : g € Lie{g1j, ..., gsj}} is n.

The problem considered in this section is as follows.

Consensus of Multiple Systems: For a group of m systems in (3.21), the problem is
how to design a distributed control law u,; for system j based on its own information and
its neighbors’ information such that

lim(g,; —¢c) =0, 1<j<m, (3.22)

t—o00

where ¢ is an unprescribed constant vector which depends on the initial condition of each
system and the topology of digraph G.
Practical distributed controllers can be proposed with the aid of the transverse function.
For simplicity, we assume the communication between systems is bi-directional in this section.
With the aid of the results in [7], we have the following results.

Lemma 3.5. For the system in (3.21), if the dimension of the distribution Span{g(zx): g €
Lie{g1j,...,gs;}} is n, there exists a function f;(B.j,€;) € R" such that the matriz

of; of;
Hﬁ* = g’f’ag'f'a"'ags'a ja"') !
]( ]) 1]( J) 2]( ]) J aﬁlj aﬁn—s,j
is nonsingular for any B.; and €; > 0, where B.; = [Buj,- .-, Bn-2;]", B € R"% and the

function f; has the following properties:
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1. f; is bounded for any B.;;
2. hmej_m fj (ﬁ*jv €j> = 0.

The proof of Lemma 3.5 can be found in [7,8]. The construction of f; can be found also
in [7,8]. The function f; is called the transverse function.

With the aid of Lemma 3.5, it can be found the function f;(f;,¢;) such that G, is
nonsingular. Define

e Q*jfj(ﬁ*jaej)_l (323)

then, we have

o = g @) (D) | 5 (321)

where the meaning of the notations can be found in [7].
We define the neighbors’s difference as

€xj = [eljv R enj] - Zj\/ aji(Z*j - Z*i)' (325)
1€EN;

If B*j is considered as an additional input, we propose the following distributed control law.

Theorem 3.2. For the m systems in (3.21), if the communication graph has a spanning
tree, the control law

’Ulj = 7’]1j (326)
Usj = T]Sj (327)
My
' = —H;(B.)) 7 dlL-1(qey)dr ;5.5 (245) [Z aji(2sj — Z*i)] (3.28)
ngj ! iEN;
—Bui

ensures that
Jim {lg.; — guill < 0(e€). (3.29)
where 6(¢ €;) is a nonnegative continuous function of €; and €; and limye;| 1,10 0(€ &) = 0.

Proof: By Lemma 3.5, G, is nonsingular. So, the control law exists. Substitute the
control law into the system, we have

2y = ey (3.30)
: (3.31)
znj = —€nj (332)
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Choose a function
-
Vi =2, Lz

where z;, = [21,...,2in] and L is the Laplacian matrix, we have
: T p2
Vi = —2,.L%%

By integrating both sides of the above inequality, it can be shown that z;, is bounded and
Lz, converges to zero, which means that (z;; — z;) converges to zero for 1 < j # [ < m.
Therefore, (3.29) holds. |

Remark 3.3. If €; is chosen to be a small constant, || f; — fi|| is a small constant, which
means that ||z.; — x.|| converges to a small neighborhood of the origin. We say (3.22) is
achieved practically.

Remark 3.4. In Theorem 3.2, nothing is said about B.;. So, B.; may be bounded or un-
bounded. Thanks to the properties of the function f;, the boundedness of Bs; plays no role in
the consensus problem.

3.3 Distributed Controller Design for Dynamical Sys-
tems

We consider m systems. The j-th system is defined as

j:lj = Ulja .i’gj = ’Ugj, LUZ] = Uljxi_l’j, 3 S ) S n (333)
Mj’i}*j + CjU*j + Gj + Dj = BjTj (334)
where v,; = [v1j,v9;] " and z,; = [15, ..., 2,4]". The following properties are satisfied.

Property 3.1. Mj is bounded and ]\Zj — 2(~7j is skew-symmetric.
Property 3.2. For any differentiable vector £ € R?,
M€ + Ci& + G = Yiuj, 4, €, €)a;
where }7; is a known function of x.;, T.;, , and é, and a; is the inertia parameter vector.

The problem considered in this section is defined as follows.

Consensus of Multiple Systems: For a group of m systems in (3.33)-(3.34), the prob-
lem is how to design a distributed control law 7; for system j based on its own information
and its neighbors’ information such that

tli}rglo(x*j —c)=0, 1<j<m, (3.35)
where x,; = [x1;,...,%,;]" and c is an unprescribed constant vector which depends on the

initial condition of each system and the topology of digraph G.
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In the dynamics (3.34), we first assume that the inertia parameter vector a; is a constant
and is unknown.
In order to design controllers for the systems in (3.33)-(3.34), we let

Uiy = U1~y (3.36)
Ugj = Uy — My, 1<j<m (3.37)

where 7;; and n; are defined in (3.5) and (3.20), respectively. Then we have

Tyj =15 + Uy
Toj = 1) + Vgj
Zij = (mj + 01j)Ti14, 3<i<n
M.y + Ciong = Byry — (Myie; + Cyney + G + D)
where v,; = [v1, ve;] "
For the systems in (3.38)-(3.40), we have the following results.

Lemma 3.6. For the m systems in (3.38)-(3.40), if the communication digraph has a span-
ning tree, then

1. x5 — zy is bounded for 1 < i <mn and1 < j # 1 <m if 01; and Vy; are bounded for
I<j<m.

2. x;; — xy converges to zero for 1 <i<n and 1 < j#1<m if vy, and vy; converge to
zero for 1 < j <m.

Proof: Let &1 ; = x1; — x1;, we have
jl,jl = —k’li’le + Cl,jl + f)lj — ﬁll (342)

Since fl,jl exponentially converges to zero, the system (3.42) has the input-to-state stability
property for input (7; — 0y;). This means that Z; ;; is bounded if 91; and 0y, are bounded
and T j converges to zero if 91; and 7y, converge to zero.

For the systems in (3.39)-(3.40), with the aid of the transform in (3.4), we have

Zoj = Mo+ B2j + Ug; (3.43)
Zj = —vilz oz, 3<i<n (3.44)

It can be proved recursively that z;; is bounded if z;_; ; is bounded and z;; converges to
zero if z;_; ; converges to zero. Therefore, ;; — z; converges to zero for 2 < i < n and
1 <j#1<mif v;; and ¥y converge to zero for 1 < j < m. [ ]
With the aid of the results in Lemma 3.6, we can design controllers such that v, and 0.,
are bounded and converge to zero.
For the dynamics of each system, we have

Mt + Cpng + G = Yi(wj, dj, g, 1) 05 (3.45)
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where a; is the inertia parameter. For the disturbance Dj, it is assumed that
1D;l| < pj(as5) (3.46)

where p; is a known function of z;. If the inertia parameter a; is a constant and is unknown,
we have the following results.

Theorem 3.3. For the m systems in (3.33)-(3.34), if the communication digraph has a
spanning tree, the control law

T, = B»_l [—K’[J*j —+ Y/;CAL] — ijIgl'l(@*]ﬂ (347)
a; = -I;Y; 0, (3.48)

ensures that (3.35) holds and a; is bounded, where K; and I'; are positive constant matrices.

Proof: Let
1 .+~ 1, 1
Vj = §U>;I;-Mj1)*j + §(CLj — aj)Fj l(CLj — CLj)

Differentiating it along the closed-loop system, we have

. T - ~ ~T ~T

Vi = =0, K — pjvsign(ts;) — U,,;D;

< =0 K0, <0
Therefore, V; is bounded, which means that 7,; and a; are bounded. By Barbalat’s lemma,
it can be shown that ,; converges to zero. [ |
In Theorem 3.3, the unknown inertia parameter is estimated by an adaptive control law.
If an estimate of a; is a; and
la; — a;l| <

for 1 < j <m and v, is a known constant, we propose the following robust control laws.

Theorem 3.4. For the m systems in (3.33)-(3.34), if the communication digraph has a
spanning tree, the control law

7 = Byl =K+ Yia; — y;Ysign(Y; 0.,) — pysign(i.))| (3.49)
ensures that (3.35) holds, where K; is a positive constant matriz.
Proof: Let
vV, = ;@T Usj
Differentiating it along the closed-loop system, we have
Vj = —~T-K-17*] pjv*]81gn(v*J) o D]
+0.,Y;(a; — a;) — ;0. Y;sign(V; 0.5)

< - *jKjU*j <0

Therefore, V; is bounded, which means that 9,; is bounded. By Barbalat’s lemma, it can be
shown that v,; converges to zero. [ |

In Theorem 3.4, the unknown inertia parameter a; is not required to be a constant. In
the control laws, v; is required to be known. It is possible to estimate it.
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3.4 Distributed Controller Design for General Dynam-
ical Systems

Consider m systems where the j-th system is defined by

Gej = 9170157+ F GsjUsj = GujVsj (3.50)
Mj’l}*j + Cj’U*j + Gj + Dj = BjTj (351)
where v,; = [v1,v9]", 915, - -+, gs; are smooth functions on R™ such that in a neighborhood

of 0 the dimension of the distribution A;(q.;) = Span{g(q.;) : g € Lie{g1j,...,gs;}} is n.
The following properties are satisfied.

Property 3.3. Mj s bounded and ]\>[j — 2@- 15 skew-symmetric.
Property 3.4. For any differentiable vector £ € R?,
M+ Ci + Gy = Yiay, 5., 8)ay
where f/j is a known function of x.;, T.;, §, and ¢, and a; 18 the inertia parameter vector.

The problem considered in this section is defined as follows.

Consensus of Multiple Systems: For a group of m systems in (3.50)-(3.51), the prob-
lem is how to design a distributed control law 7; for system j based on its own information
and its neighbors’ information such that

lim(g,; —¢c) =0, 1<j<m, (3.52)

t—o00

where ¢ is an unprescribed constant vector which depends on the initial condition of each
system and the topology of digraph G.

In the dynamics (3.51), we first assume that the inertia parameter vector a; is a constant
and is unknown.

In order to design controllers, we let

Vij = vy —mij, 1<7<s (3.53)
where 7;; is defined in (3.26)-(3.27), respectively. Then we have
Zuj = —Cuj 15015 -+ GsjUs; (3.54)
Mjv,; + Cj,; = Byr; — (M + Cynuy + G5 + D;) (3.55)
For the dynamics of each system, we have

Mjiej + Cytay + G = Y (g, g, 1 10 )5 (3.56)

where a; is the inertia parameter. For the disturbance [)j, it is assumed that
1D;]1 < pj () (3.57)

where p; is a known function of g,;. If the inertia parameter a; is a constant and is unknown,
we have the following results.
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Theorem 3.5. For the m systems in (3.50)-(3.51), if the communication graph has a span-
ning tree, the control law

T = B-_l {—K@*] -+ }P;;CALJ - ijigIl(’[J*j) - A]} (358)
a; = —I;Y;'0, (3.59)

ensures that a; is bounded and (3.52) holds, where K; and I'; are positive constant matrices,
and

Yoty €islgigli
A, = : (3.60)
Xz €ijlgsili
where [-]; denotes the i-th element in [-].
Proof: Let
Lor

V= Zz Lz + 2_32 Z_:

@z
l\DI»—t

Differentiating it along the closed-loop system, we have

V- —zzw* zv Koy = Y piolsign(v,) = - 01D

j=1 j=1

< —ZZT»CzZZ* ZU KU*]

By integrating both sides of the above inequality, it can be shown that V' is bounded, which
means that s;., 0,; and a; are bounded. Furthermore, it can be shown that by Barbalat’s
lemma that z;, and 9,; converge to zero. Therefore, (3.29) holds. [ ]
In Theorem 3.5, the unknown inertia parameter is estimated by an adaptive control law.
If an estimate of a; is a; and
la; —a;ll <

for 1 < j <m and 7; is a known constant, we propose the following robust control laws.

Theorem 3.6. For the m systems in (3.50)-(3.51), if the communication graph has a span-
ning tree, the control law

o= B =K+ Yia; -, Yisien(Y; 6.) — psign(i;) — A, (3.61)

ensures that (3.52) holds, where K; is a positive constant matriz and A; is defined in (3.60).

Proof: Let



Driving wheel
(X, Y;)

Driving wheel

Passive wheel

Figure 3.1: Configuration of robot j

Differentiating it along the closed-loop system, we have

m m
V, < — Z 23 L2 — > 6;[(]-17*] Z p]v*]mgn Usj) Z QTD

7j=1 j=1

+Z®I]Y} Z Yﬁlgn Y Usj)
< —ZzTﬁzzl* Z@LK v
j=1

Therefore, V' is bounded, which means that z;, and 9,; are bounded. By Barbalat’s lemma,
it can be shown that z;, and v,; converge to zero. [ |

In Theorem 3.6, the unknown inertia parameter a; is not required to be a constant. In
the control laws, v; is required to be known. It is possible to estimate it.

3.5 Simulation

To verify the proposed results, simulation has been done for three nonholonomic wheeled
mobile robots on a horizontal plane. Robot j is constituted by a rigid trolley equipped with
3 nondeformable wheels. The orientation of the 2 wheels with respect to the trolley is fixed,
while the orientation of the third wheel is varying. See Fig. 3.1 for details. We assume
the plane of each wheel remains vertical and the wheel rotates around its (horizontal) axis.
The contact between the wheels and the ground satisfies non slipping condition. The mobile
robot is driven by 2 motors which provide torques acting on the rotational axes of the 2
wheels whose orientation is fixed.
The constraint of the non slipping condition can be written as

t;sinf; —y;cosf; =0 (3.62)
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where (x;,y;) is the position of robot j and 6; is the orientation of robot j. The dynamics
of robot j are described by the following differential equations

m]wj =
m;y; =

1,6,

1
Ajcost; + ﬁ('rlj + Ty;) cos b,

7

1
—)\j sin 9]' + ﬁ(le + ng) sin 9]' (363)

L

J

R;

J

(715 — 725)

where m; is the mass of robot j, and /; is its inertia moment around the vertical axis at
point Q. R; is the radius of the wheels and 2L; the length of the axis of the front wheels,
and 71; and 7y, are the torques provided by the motors.

Let q.; = [5,15,05]",

0

0

m;
Mi(q)=1{ 0 my
0
1
B;(q.;) = —
J ] R_]

J

. Ci(q4j,G45) = 0,G5(qs5) =0

Ho o

cosf; cosb;
SiIl 9]'

L.

sind; |,J; =[sind;, —cosb;, 0]
—L;

The system (3.62)-(3.63) is in the form of (3.1)-(3.2).

Let

cost; 0O

gxj = | sind; 0

0 1

then Equation (3.62) and (3.63) are converted into

T
Yj
0;

With the transformation

L1j
X2j
x3j
V15
Vaj

m;uyj

Iyt

= U1;COS 9]‘
= Uij sinHJ
= Uy;

1 3.64
= g (1 + 1) (364)
J
L
—H(T1j — 72)

R;

—0;

xjcosb; + y; sin b,
—x;sinf; + y; cos 0;
—uy,

Uy — T35V15
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Equation (3.64) can be converted into the following standard form

i’lj = Ulj

i’gj = Ugj

LE3J = ZL’Q]’UU
M;0,; 4 Cjv.; = BT,

(3.65)

M' _ [j + mjxgj mj$3j é _ mjl'gji’gj 0 B _ i 1’3]' + Lj 1’3]' — Lj
J mj$3j mj » mji’gj 0 1Y 1

M](q*])g + éj(Q*j> q*])g = Y/j(q>0<j> Q*j> 3 S)a'j
where the inertia parameter vector a; = [mj, I;]7,
~ . 2 - . - P -
Y'(Q*ja (j*jag 5) = [ 1’3]51 + 1'3]§2 + 12.3'3]1’3]51 51 ]
r3;§1 + & + 13;6 0

The consensus problem of the kinematics in (3.65) can be solved with the aid of the
results proposed in Theorem 3.1. The controller is proposed as

vy = My (3.66)

my = —kiry+ G (3.67)

Clj = - Z Qi Cl] Clz (Clj - Oé) + (368)
1EN;

Vaj = T2y (3.69)

2; = — Z a]z 225 — Z2z (370)
1EN;

where k1 > 0, a;; > 0, b > 0, and o = sin(14t), 205 = xoj + Boj, 235 = x3; + P35, P35 = 0,
and (9 = vy;23;. Figs. 3.2-3.4 show the time response of x1,, 2., and xs,, respectively. It
is shown that the state of three systems reach consensus.

The consensus problem of the dynamics in (3.65) can be solved with the aid of the results
in Theorem 3.3. The controller is proposed as in (3.6)-(3.48) if the inertia parameter vector
a; is a constant and is unknown. Figs. 3.5-3.7 show the time response of x1., 2., and s,
respectively. It is shown that the state of three systems reach consensus.

If the inertia parameter vector a; is a constant and is unknown, we can also solve the
consensus problem by the robust control algorithms in Theorem 3.4. Figs. 3.8-3.10 show the
time response of x1,, o, and xs,, respectively. It is shown that the state of three systems
reach consensus.
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Chapter 4

Distributed Tracking Control of
Networked Chained Systems

4.1 Introduction

In the last decades, control of nonholonomic systems had been an active research area. An
important feature of a nonholonomic system is that the number of its inputs is less than the
number of its degree of the freedom. This feature makes control problems of a nonholonomic
systems challenging. In [9], it has shown that there does not exist a pure-state feedback
control law for a nonholonomic system such that its state converges to its equilibrium.
However, with the effort of many researchers several types of stabilizing control laws have
been proposed, for example, discontinuous control laws in [10] and [11], time-varying control
laws in [12] and [13], hybrid control laws in [14] and [15]. Tracking control of a nonholonomic
system has also been extensively studied in the last decades due to its applications in tracking
control of wheeled mobile robots and unmanned aerial vehicles. With the effort of different
researchers, several tracking controllers have been proposed. The first tracking controller
was proposed in [16] for a mobile robot. With the aid of backstepping techniques, semi-
global tracking controllers are proposed for a chained form system in [17]. In [11], global
state and output tracking controllers are proposed for chained form systems with the aid of
Lyapunov techniques. With the aid of results on cascade systems, linear tracking controllers
are proposed for chained form systems in [18].

Recently, cooperative control of multiple systems has become an active research area and
has attracted multi-disciplinary researchers in a wide range of fields, including control system
theory, physics, biology, applied mathematics, computer science, and robotics. In the past
decade, most of researchers focused their research on cooperative control of multiple identical
linear systems or multiple specific mobile robots with simplified identical kinematic models.
Various control strategies have been proposed, such as the behavior-based method in [19]
and [20], the virtual structure method in [21] and [22], the leader-follower method in [23]
and [24], the artificial potentials method in [25] and [26], and the graph theoretical method
in [27] and [28], to name a few. In cooperative control, consensus seeking plays an important
role (see [29] and [30]). Many cooperative control problems can be solved with the aid of
consensus algorithms or techniques developed for solving the consensus seeking problem.
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These cooperative control problems include collective behavior of flocks and swarms, sensor
fusion, formation control of multiple robot systems, synchronization of coupled oscillators,
etc. In [31], alignment of multiple discrete-time agents is discussed and control laws are
proposed by using local information. In [32], a theoretical analysis of the consensus property
of the Vicsek model is presented with the aid of results from algebraic graph and matrix the-
ories. For networked continuous-time systems, a theoretical framework for consensus control
problems is introduced in [33]. In [34], the results obtained in [32] and [33] are extended
In addition to the algebraic graph approach for linear systems, nonlinear analysis tools can
also be used to study consensus algorithms. In [35], a set-valued Lyapunov approach is pro-
posed to design consensus algorithms with uni-directional time-dependent communication
links. In [36], nonlinear contraction theory is used to study synchronization and schooling
applications. In [37], passivity is applied to design consensus algorithms over an undirected
communication topology. In [38] and [39], consensus algorithms are proposed for nonlinear
systems with the aid of Lyapunov techniques. In [40], consensus algorithms are proposed for
high-order nonlinear systems with the aid of backstepping techniques.

Distributed tracking control of multiple systems with a reference system whose state is
available to a subset of a group of the systems is an important cooperative control problem.
This cooperative control problem is also referred to as a consensus control problem of multiple
systems with a reference system. Different from the consensus seeking problem reviewed
above the desired value of the state of each system is defined by the state of a reference
system. Extensive research on distributed tracking control problem has been conducted
for multiple linear systems in the past decade and some results have been obtained. In
[41,42], tracking control of multiple first-order linear systems with a reference system is
discussed. Distributed controllers are proposed with the aid of distributed estimators. In
[43] and [44], distributed tracking control is considered for multiple first-order and second-
order systems. Distributed discontinuous controllers are proposed such that the state of
each system converges to a desired trajectory within finite time under the condition that
the desired trajectory is available to a portion of the group of systems. Distributed tracking
control of multiple Lagrangian mechanical systems is considered in [39] and distributed
tracking controllers are proposed.

Flocking and synchronization of multiple systems can be considered as a distributed
tracking control problem. In [45], flocking of multiple second-order systems is solved with
the aid of potential functions under the assumption that a desired trajectory is available
to each system. In [46], flocking of multiple systems is discussed for fixed and switching
communication cases such that the velocities of the systems reach an agreement. In [47] and
48], flocking algorithms of multiple second-order linear systems are proposed under the as-
sumption that the information of a virtual leader is available to a portion of systems. In [49]
and [50], distributed adaptive control for synchronization of unknown nonlinear networked
systems is considered. Distributed adaptive control laws are proposed with the aid of neural
network approximation such that the tracking error is uniformly ultimately bounded (UUB).
In [51], adaptive leader-following control for multiple systems with uncertainties is consid-
ered with the aid of neural-networks. Adaptive control laws are proposed. In [52], formation
control of multiple wheeled mobile robots is considered using neighbors’ information. Dis-
tributed controllers are proposed with the aid of a transformation based on backstepping

30



techniques.

In this chapter, we consider distributed state feedback tracking control and distributed
output feedback tracking control for multiple nonholonomic chained form systems with a
reference system whose state is available to a subset of the group of systems. Consider-
ing the cascade structure of each system, distributed state feedback tracking controllers are
proposed in two steps with the aid of the results of time-varying linear systems and the
properties of persistently excited signals. In the first step, a distributed control law is de-
signed for the first input of each system with the aid of distributed estimator design and
the sliding mode control. In the second step, a distributed control law is designed for the
second input with the aid of linear time-varying theory and distributed estimator design.
The proposed distributed tracking controllers ensure that the tracking errors uniformly ex-
ponentially converge to the state of the reference system. If the state of each system is not
measurable, distributed output feedback tracking controllers are proposed by integrating
observer design to the proposed distributed state feedback tracking controller design. The
proposed distributed output feedback tracking controllers can ensure that the tracking errors
uniformly exponentially converge to zero. In literature, distributed tracking control was con-
sidered for multiple linear systems. In this paper, we consider distributed tracking control of
multiple chained form systems which represent wheeled mobile robots and unmanned aerial
vehicles and propose distributed tracking controllers. The proposed results can be applied
to solve the formation control problem of wheeled mobile robots. Simulation results verify
the effectiveness of the proposed results.

The remaining parts of this chapter are organized as follows. In Section 4.2, the problems
considered in this article are defined and some preliminary results are presented. In Section
4.3, distributed state feedback tracking controllers are proposed. In Section 4.4, distributed
output feedback tracking controllers are proposed. In Section 4.5, simulation results are
presented. The last section concludes this article.

4.2 Problem Statement and Preliminary Results

4.2.1 Problem Statement

Consider m identical nonholonomic chained form systems. The j-th system is described by

Gij = wy (4.1)
Goj = Uy (4.2)
Gij = Qi-15u15, 3<i1<n (4.3)
Yi = [Chja an]T (4.4)
where q.; = [q1j, .-+, qn;] " and u.; = [u1;, ugi]" are the state and input of system j, respec-

tively. y; is the output of system j.

The communication between the systems can be described by the edge set £ of a directed
graph (or digraph for short) G = {V,£} where the m systems are represented by the m
nodes in V. The existence of an edge (I,j) € £ means that the information (the state or
output) of system [ is available to system j for control (i.e., unidirectional communication).
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Bidirectional communication, if it exists, would be represented by the edge (j,) also being
in the edge set £. The symbol N; denotes the neighbors of node j and is a set of indices of
the systems whose information is available to system j. A directed path in a digraph is an
ordered sequence of vertices such that any ordered pair of vertices appearing consecutively
in the sequence is an edge of the digraph. A digraph is called strongly connected if for any
two different nodes ¢ and j in V there exists a directed path from node ¢ to node j.

It is given a desired trajectory Gumi1 = [@1ms1,--->Gnms1) which is generated by the
reference system

GLm+1 = Ulmt1, @mtl = U2mi1s Qimtl = Gi-lmt1Ulmt1, 3 <1< Ny Ymil = Gemtl

(4.5)
where g 11 and ug,,+1 are known time-varying functions. The desired trajectory is avail-
able to a portion of the group of m systems. For simplicity, the reference system (4.5) is
denoted as system (m + 1). The m systems in (4.1)-(4.4) and the reference system in (4.5)
can be considered as a group of (m + 1) systems and the communication between (m + 1)
systems is denoted by the digraph G¢ = {V¢ E¢}. The neighbor set of node j is denoted
by ./\fje. Since the reference system does not receive information from other systems, the
neighbor set of node (m + 1) is an empty set, i.e., N, ; = 0. Node (m + 1) is reachable to
node j if there exists a directed path from node (m + 1) to node j. Node (m + 1) is said to
be globally reachable if node (m + 1) is reachable to node j for 1 < j < m.

The cooperative control problems that will be discussed in this article are defined as
follows.

Problem 1: (Distributed state feedback tracking control) For m systems in (4.1)-(4.3)
and a reference system in (4.5), the control problem is how to design a control law w,; for
system j using its own state g.; and its neighbor’s state g, for [ € /\/'J ¢ such that

Hm (g.;(t) = gums1(t) =0 (4.6)
for1 <7 <m.

Problem 2: (Distributed output feedback tracking control) For m systems in (4.1)-(4.3)
and a reference system in (4.5), the control problem is to design a control law wu,; for system
j using its own output y; and its neighbor’s output y; for [ € Ny such that (4.6) is satisfied
for 1 < j <m.

In Problem 1, the state of each system is available by itself and is broadcasted to its
neighbors. While in Problem 2 the output of each system is available to itself and is broad-
casted to its neighbors. In both problems, the desired state g, ,,+1 is only available to a
subset of a group of the systems, which make the tracking control problems challenging.
The tracking controller design procedure for tracking control of a single system in literature
cannot solve Problems 1-2 because the information of the reference system is not available
to each system. In this paper, distributed tracking controllers are proposed with the aid of
neighbors’ information.

For the reference system, the following assumption is made.

Assumption 4.1. For the reference system (4.5), @1 m+1, U2m+1, And Gumi1 are bounded.
Moreover, uy my1 is an absolutely continuous PE signal.
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4.2.2 Preliminary Results

Throughout this article, || - || stands for the Euclidean norm of vectors and induced norm
of matrices. We denote by B, the open ball B, := {z € R" : |z]]s < r}. A function
a : Rso = R>o is said to be of class £ (o € K), if it is continuous, strictly increasing
and zero at zero. If moreover a(s) — oo as s — oo we say that @ € K. The origin of
the system @ = f(t,z) is globally uniformly stable (GUS) if there exists a € K, such that
lz(t)]l2 < a(]|zoll2) for all ¢ > ty and all ¢y > 0. It is uniformly globally asymptotically
stable (UGAS) if in addition to UGS, for each r and € > 0, there exists T'(r, €) > 0 such that
(to, z0) € R>o X B, implies that ||z(t)||s < € for all t > ¢ty + 7. The origin of the system is
said to be globally uniformly exponentially stable (GUES) if there exist two strictly positive
constants 7y; and 7, such that
(¢, to, @o)[l2 < 71 llwofl 262"

for any initial condition wz((tp) and ¢ > ¢, A function ¢(t) € R is said to be persistently
excited (PE) if there exist 4 > 0 and 7" > 0 such that

t+T
/ ¢(7)2d7 >, Vt>0.
t

The following lemmas are useful in this paper.

Lemma 4.1. For a linear time-varying system

[ Xl i [ —C —Cg(b(t) 0 0 0 0 1T X1 i
R N
Xi—1 0 0 0 0 e 00 —ae(t) Xi-1

Lx | [0 0 0 0 e 9(t) 0 JL x |

where ¢; (1 <1 < 1) are positive constants, if ¢(t) is an absolutely continuous PE signal and
maxyefo,oo) 1 [0(1)], [0(1)|} < dar < 00 almost everywhere, then the system (4.7) is GUES.

Lemma 4.1 is a modified version of Theorem 2 in [53] and can be proved similarly (see
Remark 1 in [54]). So, the proof of Lemma 4.1 is omitted here for space limitation.

Lemma 4.2. For a linear time-varying system

[ ] [ e —est) e o —aad(®)m N —ap(t)m D T T ]
s | | 0 e 0 0 0 X8
Xi—1 0 0 0 .- 0 0 Xi-1

I Xl ] I 0 0 0 ¢(t> 0 11 X

(4.8)
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where mod(l,2) denotes the remainder of the Fuclidean division of | by 2, and constants c;
(1 <i <1) are chosen such that the polynomial

Nt A 4 A+ (4.9)

is Hurwitz (i.e. all roots are in the left half of the open complex plane), if ¢(t) is an absolutely
continuous PE signal and maxc(ooo){|0(t)], |0(t)|} < o < 00 almost everywhere, then the
system (4.8) is GUES.

Proof: Let x = [x1,X2,---, X", the system can be written as

—C1 —Cy —C3 —C_1 —q [ cixa+esxs 4+ ]
1 0 0 0 0 0
) 0 1 0 0 0 0
x=ot)| . . S [ x+ew- | (4.10)
0 0 0 0 0 0
0 0 0 1 0 ] i 0 ]
Define the Hurwitz determinants
C1 C3 Cp C2i—1
1 ¢ C2i—2
0 ¢ c3 C2i—3
Ai = 0 1 o Coima |’ 1 = 1, 2, . ,l (411)
0O 0 O C;

where if an element ¢; appears in A; with j > 7 it is assumed to be zero. It is well-known
that the determinants A; are all positive if and only if (4.9) is Hurwitz ([55]). Define

A,

A;

A JAVERVAY
—_= = C = — = — f —_= ~

i=4,5...,1 (4.12)

it has proved in [56] and [18] that there exists a nonsingular constant matrix P € R™*! such

that
[~ e —Co1 —Cp | [—1 =% 0 - 0 0 ]
1 0 0 0 0 1 0 - -0 0
0 1 0 0 0 L 0 1 0 0 0
Pl . , P~ = : .
0 0 0 0 0 0 0 0 0 —vy
0 0 0 10 | 0 0 0 1 0 |
The state transformation z = Py transforms system (4.10) into
[ =71 —md 0 0 0 ]
¢ 0 —30 0 0
' 0 6 0 0 0
zZ= _ , _ _ , z (4.13)
0 0 0 0 —mo
0 0 0 6 0 |
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Since ¢ is a PE signal and max,co0){|0(t)], |0(t)|} < éum < oo almost everywhere, by
Lemma 4.1 system (4.13) is GUES. Noting the transformation matrix P is a nonsingular
matrix, system (4.10) is GUES. [

Lemma 4.3. For the system
T = (At)+ F(t)z (4.14)

if A(t) and F(t) are bounded, & = A(t)z is GUES, and F(t) exponentially converges to zero,
then the system (4.14) is GUES.

Proof:  Since @ = A(t)x is GUES and A(t) is bounded, by Theorem 7.8 in [57]

Qt) = [~ 0X(0.)a(0,t)do
t
is a continuously differentiable symmetric matrix for all ¢ and is such that

ml < Q(t) <nal (4.15)
ATOQ) + QAR +Q(t) = ~1 (4.16)

where 7; and 7, are finite positive constants, and ®(o,t) is the state transition matrix of the
system & = A(t)z. By (4.16), we have

[A@) + F(0)]T Q) + QMIAR) + F(1)] + Q(t) = FT(1)Q(t) + Q) F(t) — 1.

Since Q(t) and F'(t) are bounded and F(t) exponentially converges to zero, there exists a
finite time ¢; such that F'(¢)Q(t) + Q(t)F(t) < I, which means that
)

[A@®) + F(O)]TQ(1) + QUIA() + F(1)] + Q(t) < vl

for t > t;, where v is a positive constant. For time ¢ € [0, ¢;) the state = is bounded because
A(t) and F'(t) is bounded. By Theorem 7.4 in [57], the system (4.14) is GUES. |
For a cascade system

i o= filt,r)+g(t,x,y)y (4.17)
;= faolt,y) (4.18)

where © € R™ | y € R", fi(t,z) is continuously differentiable in (¢, z) and f5(¢,y), g(t, z,y)
are continuous in their arguments, and locally Lipschitz in y and (x,y), respectively, the
following result has been proved in [58].

Lemma 4.4. The cascade system (4.17)-(4.18) is GUES if the following conditions hold:
1. the system & = fi(t,z) is GUES;
2. the function g(t,z,y) satisfies
lg(t, 2, y)ll2 < O1(llyll2) + G2(llyll2)]] |2

for all t > ty, where 01 and 0y are continuous nonnegative functions;
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3. the system § = fa(t,y) is GUES.

For the digraph G¢ with a weight matrix A° = [a;i](m+1)x@m+1) (aji > 0), its weighted
Laplacian matrix £° = [L§;]on+1)x(m+1) is defined as

—aji, if i # j and i € Ny
0, if i # j and i ¢ N¢
> ag, ifi=j.

ke/\/je

LS = (4.19)

For the digraph G with the weight matrix A which is formed by the first m rows and the
first m columns of A°, its weighted Laplacian matrix £ = [Lj;];mxm is defined as

—aj;, if i # j and i € N

Li=1 % ifi 7 jand i @ N (4.20)
Z ajr, ifi=j.
keN;
It is obvious that
e | £0 ‘ —L5 | _ | £+ diag(Ly,) ‘ —L5,
ﬁ_lo\o - 0 | 0 (421)
where 0 is a vector with element zero,
7, = L+ diag(Ly,) (4.22)
‘6?2 = [a17m+1:ula ) am,m-i-l,um]—r (423)
and
| 1, if node m + 1 is available to node j
Hi = { 0, otherwise (4.24)

for 1 < j < m, and diag(L$,) denotes a diagonal matrix with the diagonal being the vector
£§2-
For the weighted Laplacian matrix £, the following results will be applied in this paper.

Lemma 4.5. For the digraph G with weighted matriz A® = [aj])ms1)x(m+1) (@j > 0), its
weighted Laplacian matriz L is defined in (4.19). If node (m+ 1) is globally reachable, then

1. £°1 = 0 where 1 is a vector with element 1;

2. zero is a simple eigenvalue of L® and non-zero eigenvalues of L¢ all have positive real
parts;

3. —L5, is a Hurwitz matriz;

4. there exists a positive definite diagonal matriz P such that Q = PLS, + (L) P is a
positive definite matriz.
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Proof:  The results in (1) is obvious due to the definition of the weighted Laplacian
matrix. The results in (2) was proved in [59]. Noting the structure of £¢, The results in (3)
is obvious. By Theorem 4.25 in [38], the results in (4) can be derived from the results in (2).

|

Lemma 4.6. For the digraph G¢ with the weight matriz A® = [aji|m+1)x(m+1) (aj; > 0), its
weighted Laplacian matriz is defined in (4.19). Consider the system

§=—L5(E— &Enil) — psign (L£5(§ — Eniil)) (4.25)

where LS, is defined in (4.22), Emir € R is a differentiable signal and |Emst| is bounded, p
is a control parameter, if node (m + 1) is globally reachable, (§ — &,111) globally uniformly
exponentially converges to zero, where p is chosen such that

p = max [éni(t)] (4.26)

te[0,00

Proof: Let £ = (€ — &ny11)/p, one has
€= 5,6 —sign (£3,€) — p 1€ (4.27)
Let z = £¢,€, then
£= L5z — Lisign(z) — L5 16 (4.28)

Since node (m+1) is globally reachable, there exists a positive definite matrix P = diag(Py, P, ..., Py)
such that Q = PLS, + (£5,)T P is a positive definite matrix. Choose a Lyapunov function
V = 2" Pz and differentiate it along the solutions of (4.28), one has

V o= —2'Qz—22"PLS sign(z) — 22" PLS p 161
= —2'Qz— 22" PLsign(z) — 22" Pdiag(L$,) sign(z) — 22" Pdiag(LS,)p  1€mi
—2'Qz — 22" Pdiag(LS,) sign(z) — 22" Pdiag(L$,)p 1€

IN

where £ is defined in (4.20) and £1 = 0, Lf, is defined in (4.23). In the above equations,
we apply the fact that 2" PL sign(z) > 0. Since &,,41 is bounded, if p is chosen such that
(4.26) is satisfied, then

2" Pdiag(L5,) sign(2) + 2" Pdiag(LS,)p  1mir > Y Piajmartij|2ilp (0 — [€msa]) > 04.29)

j=1
So,

V < —2TQz < - A\uin(Q)272 < —%V (4.30)
Therefore, V' is bounded and exponentially converges to zero. So, (£ — &,411) globally
uniformly exponentially converges to zero. |
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4.3 Distributed State Feedback Tracking Control

In order to solve Problem 1, we consider system (4.1)-(4.3) as a cascade system of (4.1) and
(4.2)-(4.3). System (4.1) is a first-order linear system. For distributed tracking control of m
first-order linear systems, we have the following results.

Lemma 4.7. Form systems in (4.1) and the reference system in (4.5) with Assumption 4.1,
if node (m + 1) is globally reachable in the communication digraph G¢, then the distributed
control laws

Uy; = — Z asz qij — qu aj7m+1ﬂj(Q1j - Q1,m+1) + glj (431)
1EN;
élj = - Z A j; 513 512 aj,m-l-llu’j(é-lj o gl,m—l—l)
iEN;
—p sign Z aji(§15 — &) + ajmer i (§15 — E1mrr) (4.32)
ieN;

for 1 < 5 < m ensure that q1; globally uniformly exponentially converges to qim+1 and &,
globally uniformly exponentially converges to &1 i1, where p is a sufficiently large number,
gl,m—i-l = U1,m+1, and Qj; > 0.

Proof: The m systems in (4.32) can be written as

Eo = —L5 (6 — Eumnl) — psign(L5 (s — & 1)) (4.33)

where &1, = [€11, &2, - -+, E1m] T+ Since node (m+-1) is globally reachable in the communication
digraph G¢, by Lemma 4.6 (&; — &1 m+1) uniformly exponentially converges to zero if p is
chosen such that p > maxejg o) |£17m+1(t)\.

Let ¢1; = q1; — im+1 and G = [G11, - - -, Gum) ', With the control law (4.31) we have

&1* = _£§1q~1*+gl*' (434)

System (4.34) can be considered as a linear system subjected to disturbance which uniformly
exponentially converges to zero. Since node (m+ 1) is globally reachable in the communica-
tion digraph G¢, by Lemma 4.5 ¢, uniformly exponentially converges to zero, which means
that (¢1; — ¢1,m+1) globally uniformly exponentially converges to zero. [ |

With the aid of Lemma 4.7, the control law uy; can be proposed and the following results
can be obtained.

Theorem 4.1. For m systems in (4.1)-(4.3) and a reference system (4.5) with Assumption
4.1, if node (m+1) is globally reachable in the communication digraph G¢, then the distributed
control laws (4.31)-(4.32) and

Ugj = — Z ki_ 1um0d (:2) qi; + 52]' (435)
£2j = - Z i fzg 522 Clj,m+1,uj(§2j - £2,m+1)
1EN;
—f sign | > aji(€y — E2i) + @imr1pti (25 — Exmer) (4.36)
ieN;
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for 1 < j < m ensure that q.; globally uniformly exponentially converges to qm+1 and
(&15,&25) globally uniformly exponentially converges to (§1,m+1,&2,m+1), where B is a suffi-
ciently large number,

mod(n,2)
Somi1 = Uzmi1l T K1Gome1 + Kot mi1G3me1 + K3Qametr + -+ Kpno1Uy iy C_In m4.37)

and k; (1 <1 <n—1) are chosen such that the polynomial

AT BN T e hoA + Ry (4.38)
15 Hurwitz.
Proof: Define
Si-1,j = zj\; aji(q; — @) + @ me1 i (@5 — Q1) (4.39)
iEN;

for 2 <[l <nand 1< j<m, the closed-loop systems can be written as

n
) d(l,2)
815 = —Zkz_lzL%L Si-1,5 + Z aji(§25 — &2i) + ajm11tj (&2 — Eomr1)

= ZGN

d(l,2) (1,2 (1.2 (1,2

_Zkl 1 Z Aji ( 1 “Tvom(rl ))qu — (uy;” 2 _ UTTOfL-i(-l ))Qli)

iEN;
(1,2 (1,2

A+ g1t (U 2 uTron-i(-l ))Qlj}

52 = Urmir1S1y + Y @ilga; (ury — Urmr1) = Gai(Uri — Urma)] (4.40)
ieN;
+ajm1 5 (U1 — Uimt1) G2

én—l,j = Ulm4+1Sn—2,j T Z aji[qn—l,j(ulj - Ul,m+1) - qn—l,z'(uli - uLm—i—l)]
ieN;

+aj,m+1,uj(u1j — u1,m+1)<1n—1,j

é2j = - Z aji(§25 — &2i) — @jme1ti(E25 — Eo,ms1)

ieN;
— f3 sign [g\; aji(&2j — &2i) + ajmr1pti(§25 — 52,m+1)] (4.41)
G = — zj\; aji(qrj — qui) = @jmaafti (1 — Qumsr) + &1y (4.42)
1€
élj = - Z G jj flg 512 @j,m+1,uj(§1j - 51,m+1)
ieN;
—p sign [g\; aji(§15 — &1i) + @jmarpt(§15 — 51,m+1)] (4.43)
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Let ézj = &5 — Eomt1, 1j = G1j — Qum+1, and Ui = Uy; — U ;my1, then we have
. " mod(l,2) ~ c
515 = —Zkz—l?h o) s 1+ 3" aji(&oy — &) + jmi1itiEo;
1EN;
mod 1,2) mod(l,2 mod(l,2 mod(l,2
—zkl | ag (@ — el gy — e — u ) gn)
ZGN
mod ! mod(l,2
ety (uly ™ — w5 g5 (4.44)
S2; = U151+ D @ji(qajUa; — Goilin;) + Qjmr1 14 T15G2;
ieN;
$no1j = Uimt1Sn—2j + O @ji(Gno101j — Gn1,01:) + Qjmr1/Lj015Gn—1,
ieN;
§2j = - Z aji(§2j - 521) - aj,m+1,uj§2j —&ome1
ieN;
— [ sign Z aji(&25 — &2i) + A me1 115625 (4.45)
iEN;
éjlj = - Z a’]z Q1] Q1z - a] m+1,UJQ1] + 51] (446)
iEN;
51]- = - Z Qjj 513 glz aj,m—i-l,ujglj - gl,m-l-l
ZGN
— p sign Z a;ji(&15 — &) + ajme1 115615 (4.47)
ieN;
The system in eqns. (4.44)-(4.46) for 1 < j < m can be considered as a cascade system
(4.17)-(4.18) Wlth o= [zl al T = 11821 o Snc1a)s - - [Stms S2ms - - s Snetm]]
T AR T
Y= [y*p e 71/*m [ 21, G11, 511 [§2m7 qim, f1m” y Sxj = [S1j, cey Sn—l,j] )
mod n—1,2 mod n,2) 7
—ki —kout i —kn_ouy m—l(—l L T m—l(—l )
UL, m+1 0 0 0
flj = 0 Up,m+1 0 0 Sxj,
. 0 0 UL m+1 0 ]
-
Ailte) = FRf o ]
- Z Qi fzg 522 aj,m+1,uj§2j — p sign Z Cljz‘(fzj - 522‘) + Clj,m+1,uj§2j —&omy1
iEN; iEN] _ _
fo; = - Z aji(qi; — Gui) — Qjmy1ttiGuy + 1
J 1EN; ~
- Z Qj; §1g §1z ajms1pi&i; — B sign Z aji(&1j — &) + @i mer i€y | — Enme
L N iEN; i
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f2(tvy) = [f2—|17f2—;77f2—rm]—r

d(l d(l, d(l, d(l,
_Zkl 1 Z @ji ( podt? UT%ilz))sz — (uy;” 2 “T;J(rlz))%)

ZGN
d(l,2 d(l1,2) = -
a5 ma1th; (Uﬁo 62 _ T&J(A ql]:| + Z Qj; 52; 2i) + @ mi1145E0;

1EN;

Z Cljz‘(%jfhj — Qoiliy;) + Ajom+1 U152,
ieN;

g1 =

Cl'z‘(%—1 jU15 — Qn—1 iuli) + Q51 UL Gn—1,j
Z J J Wj ) Js Y] J
ieN;

gt 2, 9)y = 911 9t 9l |

Since node (m + 1) is globally reachable in the communication digraph G¢, by the proof
of Lemma 4.7 it can be proved that éj globally uniformly exponentially converges to zero.
With the aid of the proof of Lemma 4.7, &, and ¢, globally uniformly exponentially con-
verge to zero, respectively. Therefore, the systems in (4.45)-(4.47) are globally uniformly
exponentially stable, which means that = f5(y) is globally uniformly exponentially stable.
Furthermore, @;; is GUES.

Since Uy ;41 is a PE signal, by Lemma 4.2 the system z,; = fi; is GUES. So, & = f(z)
is GUES.

By (4.39), 1. = (£51) 7 's1—14 + 1qmr1- It can be shown that ||g(¢, z,y)|l2 < 61 (|lyl2) +
O>(|lyll2)||x||2 where 6 and 5 are nonnegative continuous functions. By Lemma 4.4, the
system (4.44)-(4.47) is GUES, which means that s;;, §1J, and §2J globally uniformly expo-
nentially converge to zero for 1 </ <n—1and 1< j <m. By (4.39), s;_1.. = L5,§«, where
Qs = Qv — Qms1l. S0, @ = (L£$5) ' si_1.4. Therefore, G globally unlformly exponentially
converges to zero. |

In the distributed control laws (4.31)-(4.32) and (4.35)-(4.36), p and [ should be chosen
such that

p= tn[loax ‘51 m+1(t)], B> tIT[IOaX |§2 m+1(t)]. (4.48)

Since &1 41 and & ,,41 are unknown to each system, the lower bounds of p and 5 in (4.48)
are unknown for each system. Therefore, p and 8 are required to be chosen large enough in
the theorem.

In Theorem 4.1, (4.36) is an estimator of &y ,,41. The estimator (4.36) is distributed.
In [52], formation control of wheeled mobile robots is considered and distributed controllers
are proposed using backstepping techniques. In this paper, we considered the distributed
tracking control problem of multiple chained form systems and proposed distributed tracking
controllers with the aid of results for cascade systems. The proposed results in this paper
can be applied to solve the formation control problem of wheeled mobile robots (see Section
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4.5). In [60], cooperative tracking control of multiple chained systems was consider under the
condition that a desired trajectory is known to each system. While in this paper cooperative
tracking control problem is solved under the condition that a desired trajectory is only
available to a portion of a group of systems. It is obvious that the method proposed in [60]
cannot solve the tracking control problem considered in this paper. In [60], the controllers
were designed with the aid of backstepping techniques and results of graph theory. In this
paper distributed tracking controllers are designed with the aid of the cascade structure of
each system, results of time-varying systems, and results of graph theory.

4.4 Distributed output feedback distributed control

In the last section, it is assumed that the state of each system is available for feedback control.
In this section, it is assumed that the output of each system is available for feedback control.
In order to solve Problem 2, we build an estimator for each system to estimate the state of
each system and integrate the estimators to the distributed state feedback laws proposed in
the last section.

With the aid of Theorem 4.1 and the observer design theory for linear time-varying
systems in [61], we have the following results.

Theorem 4.2. Form systems in (4.1)-(4.4) and the reference system (4.5) with Assumption
4.1, if node (m+1) is globally reachable in the communication digraph G¢, then the distributed
control laws (4.31)-(4.32) and

u2j = — Z ]{Zl 1um0d (1:2) qu + 52] (449)
€ = — Z aji(Coy = &) = @jmirit(€o — Eamir)
ZGN
—B sign | > a;i(&; — &) + ajma1iti (€25 — Eame) (4.50)

ieN;

for 1 < j < m ensure that q.;(t) globally uniformly exponentially converges to ¢, m+1(t) and
(&15,&25) uniformly exponentially converges to (&1 m+1,E2,m+1), where B is a sufficiently large
number, and qi; is generated by the estimator
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Cz% [ —ky —kouy; —ks —kn—ou EOd(n_l’z) —kn_1u de(n 2T G2j ]
93j U1y 0 0 0 0 q3;
gn'_u 0 0 0 0 0 Gn-1,4
i qnj ] L 0 0 0 Uy 0 L dnj |




r mod(n—2,2) 7 - -
lp—1uy; ( : §2
ln_2u;r;od(n—3,2) 0
l _3umod(n—472) A 0
n 1]' (an _ qnj) + (451)
l2U1j 0
I ] U
constants k; and l; (1 <1 <mn—1) are chosen such that the polynomials
AT B A T2 B AT koA 4.52)
AN N2 N L o+ 1y (4.53)

are Hurwitz.

Proof:  Let s;_1; be defined in (4.39), ¢; = q;

— s & = &

- 52,m+1 and 51;’ =

qQ1j — Qim+1, for 2 <1 <nand 1 < j < m, the closed-loop systems can be written as

Slj
82j
Sn—l,j
da;
d3;
n-1,5
§2j
41

= Ulmt1Gn—2,j + U1 mt1Gnj + U1jGn—2,; + laT1Gn;

= Uimt1Gn—1,j + 1 Gnj + U1jGn-1;

n
d(1,2) = g
—Zkl_lugn;frl S1—1,5 + Z Qi 52] £2Z> + aj7m+1lu’j£2j

ZGN
d(1,2) (1,2 d(l,2 d(l,2
—Zkz S g (et ety g, (D ety
iEN;
(1,2 d(l,2) d(l,2
+a;, m+1ug(u71730 2 TfnL C_Izg} + Zk‘l 1UTfnJ(r1 )qU
P (4.54)
U1, m+1515 + Z aji[q2;U1; — Qi) + Q1 il jGo;
ieN;
Ul ms1Sn—2,; + Z @ji[qn—1,01; — Gn—1,iU1i]
ieN;
@ me1 U101,
d(n—2,2 ~mod(n—2,2
= LT G 4 Ly gy, 4.55)
d(n—3,2 ~mod(n—3,2
= W m+1q2j + ln 2U Tzzﬁ )qnj + ule2j + ln 2 ZLO - )qn] (456)

= - Z Qji f2a 521 aj,m+1,uj§2j - é2,m+l
€N
—f sign | 3~ aji(Sy; — o) + ajmi1is (4.59)
i€EN;
= = > 4y — Q) = Gmapt;Qry + &1y (4.60)

ZGN
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élj = = Z aji(élj - élz) - aj,m—i-l,ujélj - él,m+1

ieN;

—p sign Z aji(élj — 512) + aj,m+1,ujélj (4.61)
ieN;

where 711]- = U1; — Ul,m+1 for 1 S] <m.
The system in eqns. (4.54)-(4.60) for 1 < j < m can be considered as a cascade system

T = fl(t,l')“‘gl(t,l', Zay)[zT>yT]T (4 62)
= f3(t,2) +g2(t,y,2) (4 63)
where z = [Z'*Tl, Ce ,ZE*Tm]T = [[811, 8921y« Sn_171], ceey [Slm, Somy - -y Sn_17m]]—r, z = [Z;rl, ceey Z;l—m]—l—

B B B B ~ _ ~ ~ _ ~ T
= [[q217 s ain]a ) [q2m> ceey qnm]]T> Yy = [y;rla ceey y;l'm]"l' = [[5217 qi1, gll]a ) [§2ma q1m>€lmﬂ )

M mod n mod n,2) 7
—k1 —koUigmyr o —knoouy m—$—1 R T m-i(-l )
U1, m+1 0 ce 0 0
hi = 0 U1 o 0 0 Sij
L 0 0 ce U1, m+1 0 ]
Ji
Jiz
flm
- Z Qi fzg 522 aj,m+1ﬂj§2j — Bsign Z Cljz‘(fzj - fzz‘) + Clj,m+1,uj§2j —&omt1
iEN; iEN;
f2. — - Z a]z qu QIZ - aj m+1,ujqu + 51_] ,
7 1EN;
- Z Qj; flg flz Clj,m+1,uj§1j — psign [Z aji(élj - glz) + afj,m-i—lﬂjglj] — &1met1
1EN; ieN; J
T
f2 = [f2—|17 f2—57 teey f;—m}
r mod(n—2,2) 7
0 0 -~ 0 0 ln_lulmd i 3 2’
UL g1 0 0 0 ln—QUTfn—E-q_ ’ ;
0 wimsr -+ 0 0 ly_puotnt2
fa = 1,. +1 . 2 1,' +1 2
0 0 Ce ULt 0 lou1 1
0 0 - 0 uimn h l

falt2) = oo S ST
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_ 0 0 Ce 0 0 ln_larlrgod(n—ZQ) B
al,m—l—l 0 o 0 0 ln_za;r;od(n—gg)
0 W1 .m .. 0 0 ln— ﬁmOd("_4’2)
921 = o 2H Zaj,
0 0 .« .. ﬂl,m-‘rl 0 l2,il1]
L 0 0 . e O al,m-{-l ll

92(t7 Z) = [g;—lv g;—27 s 7g;m]—r

d(l d(l, d(l, d(l,
_Zkl 1 Z Aji ( prodt2) u’ff;if))qu — (uy;” ¢ _ “T;J(rlm)%)

ieN;
mod ! mod(l,2) g ng
+aj, m+1ﬂg(uu 42 _ 1m4(r1 qu} + 3" a5y — o) + ajmpilos+

ZGN
]{Z mod(l,2)
Z 1—1Uq m+1 j

> aji(gojing — qoiting) + Qg1 fy015 G2
ieN;

glj(t7x7y) =

Z @i (G101 — Qn-1,iU1;) + Qjmr1/b;U1qn—1,
ieN;

gtz y)lz"y" T =001 a2 i)

Since node (m + 1) is globally reachable in the communication digraph G¢, by the proof
of Lemma 4.7 it can be proved that éj globally uniformly exponentially converges to zero.
With the aid of the proof of Lemma 4.7, &, and ¢, globally uniformly exponentially con-
verge to zero, respectively. Therefore, the systems in (4.59)-(4.61) are globally uniformly
exponentially stable, which means that y = f2(y) is GUES. Furthermore, it can be shown
that ,; uniformly exponentially converges to zero.

Since uj 41 is an absolutely continuous PE signal, with the aid of Lemma 4.2 and
reordering of the state z of the system (i.e., reverse the order of the state) it can be shown
that 2 = f3(¢, z) is GUES. Since @; exponentially converges to zero, by Lemma 4.3 the state
z of the system (4.63) uniformly exponentially converges to zero.

By Lemma 4.2 the system @,; = fi; is GUES. So, & = fi(t,z) is GUES. By (4.39),
s = (£51) 7 S1-16F@me1- It can be shown that ||g(t, z, z, y) || < 61(11(y, 2)1)+02(1l (v, 2) )l =]
where ¢; and 0, are nonnegative continuous functions. By Lemma 4.4, the system (4.54)-
(4.61) is GUES, which means that s;;, &5, and &»; globally uniformly exponentially converges
to zero for 1 <l <n—1and1<j <m. By (4.39), si_1. = L5,d where §. = @i — @1 m+11.
So, G = (L£%,) 7 s1_1.. Therefore, G globally uniformly exponentially converges to zero. B

In Theorem 4.2, (4.50) is an estimator of & ,,,+1, which is the same as that in Theorem 4.1.
(4.51) is an observer of state [gaj, g3, - - -, qnj] - Observer (4.51) is proposed with the aid of
the observer theory for linear time-varying systems in chapter 15 in [61], the duality property
of state feedback design and observer design for linear systems, and the state feedback results
in Section 4.3. (4.49) is a tracking controller based on the estimated states.
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4.5 Simulations

To verify the proposed results, simulation has been done for formation control of five non-
holonomic wheeled mobile robots on a horizontal plane. The kinematic of robot j is

j;j = v; CO8 9j7 yj =V sin Hj, éj = Wj (465)

where (z;,y;) is the location of robot j, ; is the orientation of robot j, v; and w; are the
control inputs. It is given a desired formation defined by a geometric pattern P whose

vertexes are at coordinate: (piz,P1y), (P2zs D2y)s (P3z, D3y)s (Pas, Day), and (psz, psy). It is also
given a desired virtual robot

i’@ — Vg COS 96, g)(; = Vg sin 96, 6)6 = Weg- (466)

The formation control problem of five mobile robots is to design distributed control laws
such that

lim T = 1< <5 4.67
t*m[yi—yj] [Piy—Pjy] siFis ( )
Jim (6~ 09) = 0. 1<) <5 (4.65)

) 5 T ) 5 Y,
p(Eg-n) -0 m(Er-w)-0 am

The formation control problem can be solved with the aid of the results proposed in the
last sections. To this end, we define

q; = b

@j = (v;—pjz)cost; + (y; — pjy)sinb;

g3j = (xj —pjz)sinb; — (y; — pjy) cosb; (4.70)
ulj = wj

Ugj = Uj — Widsj

for 1 < j <6, where pg; = pgy = 0. Then, we have

Qij = U5, Goj = U2j, (35 = U1;(; (4.71)

which is a special case of system (4.1)-(4.3). It can be shown that the formation control
problem is solved if (4.6) is satisfied for 1 < j < 5. Therefore, the proposed distributed
tracking control laws in the last sections can solve the formation control problem.

In the simulation, it is assumed that the desired formation pattern is shown as in Fig.
4.1 and the state of the reference system is (xg, ys,6s) = (10sin(0.5¢), —10 cos(0.5¢), 0.5t).
If the state of each system is available for feedback control, the distributed tracking control
laws in Theorem 4.1 solve the formation control problem. Fig. 4.2 shows the communication
digraph between systems. Figs. 4.3-4.5 show the response of (¢1; — qi6), (g2; — ¢26), and
(g3; — q36) for 1 < j < 5, respectively. The simulation results show that (4.6) is satisfied.
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Figure 4.3: Response of (q1; — qi6) for Figure 4.4: Response of (ga; — ¢o6) for
1 < <5, 1 <3 <5,

Fig. 4.6 shows the centroid of z; (1 < < 5) (ie., ¥0_, x;/5) and zg. Fig. 4.7 shows the
centroid of y; (1 <i <5) (i.e., Z?zl y;/5) and ye. Fig. 4.8 shows the path of the centroid
of the five robots and its desired path. The simulation results verify that (4.68)-(4.69) are
satisfied. Eqn. (4.67) is also verified and the response of them is omitted here.

If the output ¢;; and g3, is available and can be broadcasted to its neighbors, the dis-
tributed output tracking laws can be obtained with the aid of Theorem 4.2. It is assumed
that the communication digraph and the state of the virtual system are the same as before.
Figs. 4.9-4.10 show the response of (¢2; — ¢2;) and (gs; — §s;) for 1 < j <5, respectively. The
simulation results show that the estimation errors converge to zero. Figs. 4.11-4.13 show the
response of (¢1; — qi6), (¢2; — @26), and (gs; — gse) for 1 < j < 5, respectively. The simulation
results show that (4.6) is satisfied. Fig. 4.14 shows the centroid of z; (1 < i < 5) (i.e.,
Y2 1 x;/5) and xg. Fig. 4.15 shows the centroid of y; (1 <@ < 5) (ie., Y0_;y;/5) and ys.
Fig. 4.16 shows the path of the centroid of the five robots and its desired path. Simulation
results verify that (4.68)-(4.69) are satisfied. Eqn. (4.67) is also verified and the response of
them is omitted here.
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Figure 4.7: Response of the centroid of
y; (solid) for 1 < ¢ < 5 and ys (dashed).
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Figure 4.6: Response of the centroid of
x; (solid) for 1 < i < 5 and x¢ (dashed).
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Figure 4.8: The path of the centroid
of the five robots (dashed line), the de-
sired path (solid line) of the centroid of
robots, and formation of the five robots
at several moments (red pentagons).
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Figure 4.9: Response of (ga; — ¢a;) for
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. Figure 4.14: Response of the centroid
Figure 4.13: Response of (gs; — g3¢) for of a; (solid) for 1 < i < 5 and g

l=2s5. (dashed).
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(dashed). robots, and formation of the five robots

at several moments (red pentagons).

4.6 Conclusion

This chapter discusses the distributed tracking control of multiple nonholonomic systems.
Distributed tracking control laws are proposed with the aid of results for cascade systems
and results from graph theory. Simulation results verify the proposed results. In this paper,
we assume that the communications between systems are fixed. If the communication graph
is time-varying, the proposed distributed tracking control laws also solve the defined control
problem if the communication graph is bidirectional and strongly connected at each instant.
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Chapter 5

Leader-Following Control of Multiple
Nonholonomic Systems Over Directed
Communication Graphs

5.1 Introduction

Distributed cooperative control of multiple systems has been extensively studied in the past
decade. The focus of this control problem is on the cooperation between multiple systems by
using neighbors’ information. The interaction among systems and the integrity of systems
are important. One of fundamental approaches to achieving group behavior through local
information is to make a function of the state of each system agree on the same value (i.e.,
reach consensus). The problem on how to make multiple systems come into a consensus
on some function of states is the so-called consensus problem. The consensus problem has
many engineering applications in practice, such as formation control in [62], flocking behavior
analysis in [45], attitude alignment in [63], etc.

In literature, both the leaderless consensus problem and the leader-following consensus
problem have been studied based on whether or not there is a leader specifying the agree-
ment value. In the early research work, the leaderless consensus problem had been studied
for multiple first-order linear systems in [32] and [33]. Extensions of the results in [32] and
[33] were presented in [34]. In [64] and [65], the leaderless consensus problem of multiple
identical linear systems was considered and observer-based output feedback controllers were
proposed for time-invariant communication topology. For the leaderless consensus problem
of multiple linear systems with different dynamics paper [66] proposed observer-based dis-
tributed controllers by extending the results in [65]. For the leaderless consensus problem
of multiple nonlinear systems, papers [35] and [67] proposed distributed controllers with the
aid of the set-valued Lyapunov theory for multiple discrete-time systems and continuous
time systems. In [40], the leaderless consensus problem of multiple nonlinear systems in
feed-forward form was considered. Distributed controllers were proposed with the aid of
backstepping techniques.

The leader-following consensus problem has been extensively studied in recent years. For
multiple first-order linear systems with a leader, consensus algorithms were proposed with
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the aid of distributed estimators in [41] and [42]. For multiple second-order linear systems
with a leader, consensus algorithms were proposed in [43,44,68,69] and [70] such that the
tracking errors between systems converge to zero within finite time. For multiple high-
order linear systems, the leader-following consensus problem was studied in [71-73] and [74].
The leader-following consensus problem can be considered as a distributed output regulation
problem where a leader is considered as an exosystem. In [75], it was shown that the internal
model principle is necessary and sufficient for the distributed output regulation problem of
multiple linear systems. With the aid of internal model principle several dynamic control
laws have been proposed in [76, 77] and [78].

Flocking and synchronization of multiple systems are closely related to the consensus
problem. In [45], flocking of multiple second-order systems was solved with the aid of po-
tential functions under the assumption that a desired trajectory is available to each system.
In [47,48,79] and [80], flocking algorithms of multiple second-order linear systems were pro-
posed under the assumption that the information of a virtual leader is available to a portion
of systems. In [81], distributed algorithms were proposed for flocking of multiple robots with
the aid of backstepping. In [49] and [50], synchronization of unknown nonlinear networked
systems was considered. Distributed adaptive control laws were proposed with the aid of
neural network approximation such that the tracking error is uniformly ultimately bounded
(UUB). In [82], the synchronization problem of general dynamical networks was considered
for directed and weakly connected network topology. Exponential control laws were proposed
by using the Lyapunov functional method and the Kronecker product technique. Some other
papers which are closed to this paper are [83-85].

Though extensive research has been carried out for the leader-following consensus prob-
lem of multiple linear and nonlinear systems, there is few research on the leader-following
control problem of multiple nonholonomic systems. However, in practice many systems are
nonholonomic systems and have underactuated nature. For example, wheeled mobile robots
(WMRs) in [4], unmanned aerial vehicles (UAVs) in [86], etc. It is necessary and im-
portant to study the leader-following control problem of nonholonomic systems. In [87], the
leader-following consensus problem of multiple chained system has been studied. Distributed
controllers are proposed with the aid of the results on cascade systems. In this paper, we still
consider this problem. A new approach is proposed with the aid of backstepping techniques.
If the state of each system is measurable, distributed adaptive state feedback controllers are
proposed with the aid of backstepping techniques and results from graph theory by using
neighbors’ local information. If the state of each system is not measurable, distributed adap-
tive output feedback controllers are proposed with the aid of observer design for each system.
Simulation validates the proposed results. Compared to the results in [87], the contributions
of our results are as follows:

e A new approach is proposed for distributed tracking control of nonlinear systems with
the aid of backstepping techniques and the properties of Laplacian matrix of directed
graphs.

e The proposed distributed adaptive controllers can estimate the unknown information
on-line by local information. In [87] some information of the leader system should
be known in advance for each follower system. Therefore, the controllers proposed in
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this paper are intrinsically decentralized and are independent of the information of the
leader system.

The remaining parts of this chapter are organized as follows. In Section 5.2, the problem
considered in this paper is defined. In Section 5.3, distributed state feedback controllers are
proposed. In Section 5.4, distributed output feedback controllers are proposed. In Section
5.5, an application of the proposed results is presented. The last section concludes this

paper.

5.2 Problem Statement

Consider a group of m nonholonomic systems in the chained form. The motion of system j
is described by

. . . . T
Ty =1,  Toj = Vo, Ty = V1Tim14, 3 <1< n, y;=[T1, Tnj] (5.1)

where z.; = [1,Zaj,...,2nj]" is the state, vy; and vy, are control inputs, and y; is the
output. For each system the available information for feedback is its own information and
its neighbors’ information measured by sensors or received from wireless networks. If each
system is considered as a node, the communication between systems can be described by a
directed graph (digraph for short) G = {V, €}, where V = {1,2,...,m} is a node set, and
£ is an edge set with ordered pair (7, j) which describes the communication from node i to
node j. If the information of node i is available to node j, node 7 is called a neighbor of node
J. The set of all neighbors of node j is denoted by A;. Node i is said to be reachable for
node j if there exists a set of edges which connect node i to node j with respecting to their
directions. Node 7 is said to be globally reachable if it is reachable from every other node in
the graph G.

Remark 5.1. The model in (5.1) is one type of canonical forms of nonholonomic systems.
Wheeled mobile robots with two control inputs can be described by (5.1) after state and input
transformation in [3] and [4]. Some unmanned aerial vehicles can also be described by (5.1)
(see [86]). In (5.1), the output y; only has two states. The availability of these two states
are the least requirement for theoutput feedback control problem considered in this article.

It is given a leader (labeled as system 0) defined by
d10 = Vi, F20 = Va0, o = VioTi-10, 30N, Yo = [F10,T205- - - Tno] | (5.2)

where v19 and vy are known time-varying functions, z.o = [x10, Z20, - - - ,xno]T is the state,
and o is the output. We assume that the state of the leader is available to a portion of the
m systems in (5.1). Consider system 0 in (5.2) and the m systems in (5.1) as a group of
systems. The communication graph of the m + 1 systems is denoted by G°. The neighbor
set of node j is denoted by /\/j6 for 1 < j < m. Since system 0 is the leader, N§ = ().

The following two distributed control problems are considered in this paper.
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Distributed State Feedback Control Problem: Design distributed control laws v;;
and vy, for system j using its own state x,; and its neighbors’ states z,; for i € ./\fje such that
Jim (2,5 — 2,0) = 0 (5.3)
for 1 < j <m.
Distributed Output Feedback Control Problem: Design distributed control laws
v1; and vy; for system j using its own output y; and its neighbors’ outputs y; for ¢ € ./\/'je
such that (5.3) holds for 1 < j < m.

In order to solve the defined control problems, the following assumptions are made on
the leader.

Assumption 5.1. Variable vy is differentiable up to (n—2)-th order. The d;iio 0<i<2)
are bounded and

t+T1 on—d t+Ts )
/t vig (T)dT > ay, /t v (T)dr > ag, VE>0

where a; and T; (1 <i < 2) are positive constants.
Assumption 5.2. The vector T3y = [x30, Z40, - - -, xno]T s bounded.

Assumption 5.1 means that the signal v} % and vy are persistently excited signals (PE
signals) (see [5] for the definition of a PE signal). This assumption is due to the fact that
the considered systems are nonholonomic.

For a PE signal, the following lemma is useful.

Lemma 5.1. (Lemma 4.8.3 in [5]) Signals £ (t) € R and &(t) € R are bounded. If & is a
PE signal and (& — &) converges to zero, then & is a PE signal.

Lemma 5.2. For the system ‘
¢ = —ni(t)¢ +m(t) (5.4)

where 1 (t) € R is a bounded PE signal, if n2(t) is bounded and no(t) converges to zero, then
¢ converges to zero.

Proof: The solution of (5.4) is

t o t t
C(t) = eo _”1(T)dTC(O) + el _nl(V)dVT]Q(T)d7'§€_5t+b1<(0) —I—/O 6_5(t_T)+b2172(7)d7'

where § > 0, b; > 0, and by > 0. Since 1,(¢) is bounded and converges to zero, [y e~ n,(7)dr
converges to zero with the aid of the theorem in Section 4.1 in [88]. Therefore, ¢ converges
to zero. ]
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For a digraph G with weight matrix A = [ajilmxm (aj;; > 0), its weighted Laplacian
matrix £ = [Lj;] is defined by

—aji, if i # jand i € N

) D ap, ifi=j
Lj; 5 J (5.5)
0, otherwise

On the weighted Laplacian matrix, the following results are useful.

Lemma 5.3. For the digraph G with weight matriv A = [aj;] (aj; > 0) and a nonzero
nonnegative vector £ € K™, if the information of € is globally reachable to the nodes in the
digraph G, then we have the following results:

1. the real part of the eigenvalues of the matriz (L + diag(&)) are all positive;

2. there exists a diagonal positive definite matriz P such that QQ = P(L + diag(&)) + (L +
diag(€))T P is a symmetric positive definite matria;

3. for the system
X = —Lx — diag(&)(x — d1) — M sign (Lx + diag(§)(x — d1)) (5.6)

where 1 = [1,1,...,1]7, if d(t) € R is a differentiable signal and maxcp o) |d(t)| <
M < oo, then (x — d1) exponentially converges to zero.

Proof: 1. Item 1 has been proved in Lemma 1.6 in [89].

2. For item 2, with the aid of the result in Item 1 and Theorem 4.25 in [38] (L+diag(&)) is
anon-singular M-matrix and there exists a diagonal positive matrix P = diag(Py, Ps, ..., Py)
such that (P(L + diag(€)) + (£ + diag(£)) " P) is positive definite.

3. It is shown in Lemma 2.7 in [87]. |

If the digraph G is bidirectional, the following results can be obtained.

Lemma 5.4. For the digraph G with weight matriz A = [a;;] (a;; = a;; > 0), if the graph G
is bidirectional and connected and £ € R™ is a nonzero nonnegative vector, then we have the
following results:

1. the matriz (L + diag(§)) is a symmetric positive definite matriz;

2. for the system

X = —Ly—diag(¢)(x — d1) — diag(My, . .., M,,) sign (Lx + diag(¢)(x — dAR)7)
MJ’ = 5| Y 4l —x) F&0G —d)|, 1<j<m (5.8)
ieN;

where v; > 0 (1 < j < m) and x = [x1,X2,---,Xm| ', if d(t) € R is a differentiable
signal and maxcp o0y |d(t)] < M < oo, then (x — d1) asymptotically converges to zero
and M; is bounded.
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Proof: 1. Item 1 has been proved in [38].
2. Let Y =x—dl and ¢ = [q1,¢2, ..., qm]" = (L + diag(&))x, we choose a Lyapunov
function candidate

V = x" (£ + diag(é))x + i v (M = M;)? (5.9)

j=1
and differentiate it along the solutions of (5.7)-(5.8), one has

Vo= —2¢" (L + diag(€))*V — 2% (£ + diag(€))diag(M, . .., M,,)sign(q)

—2x " (L + diag(é))1d — 2> 7 (M — M;)M;
=)

= —2¢' (L + diag(€))*x — 2Mq'sign(q) — 2¢' 1d — 2 77 (M — M;) M,

=1

+2¢" diag(M — My, ..., M — M,,)sign(q)

~

—2¢ (£ + diag(€))*x —2M Y |g;| + 2> Mlgs| =23 75 (M — M;)M;

<
j=1 j=1 j=1
+2 3" (M — M;j)|g
j=1
< 2" (L + diag(€))*¥ <0 (5.10)

which means that V' is bounded. So, y and Mj are bounded. By integrating both sides of
(5.10), it can be shown that y is square-integrable. With the aid of Barbalat’s lemma, Y
converges to zero. So, (y — d1) converges to zero. [ |

5.3 Distributed State Feedback Controller Design

5.3.1 Variable transformation

In order to design distributed controllers, we first introduce a variable transform such that
system (5.1) is transformed to a special form. For system j, we define the variables

Rij = Lgj — Oy, 1 S 1 S n (511)

with the aid of the backstepping techniques, where

_ _ _ 2n—5
Q1; = 0, Qnj = O, Qp—1,5 = _knvlj Zngs (512)
_ k’ 2n—>5 2) 5 k’ 2n—7 . k’ 2n—6 ; 5.13
Un—2j = —kn107]  Zno1j — 2ng — (20 — 5)knvi) T 2001y — ka1 2y (5.13)
i—2 i—2 3
o k 2m—5 1 aan—i—l—l [1+1] aan—i—l—l Zn—lg 14
Qp_jj = —Kp—it1V]j “Zn—it1j — Zn—it2,j + o 0l Z e 14)
=0 V15 Ovy; =0 Y%n—1j V1j
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k; > 0 and v{l]] denotes the [-th order derivative of v;; with respect to time, then

Z"U = Ulj (515)

) day,

Go; = gy — dfﬂ (5.16)

Zgj = —]{53’0%?_4233' —+ Ulj (ZQj - Z4j) (517)
Zn—l,j = —kn_l’U%;L_[lZn_l’j + Ulj(zn—2,j - an) (518)

z"nj = —]{?n'l}%;b_42nj + V1j2n—1,5 (519)

for j=0,1,2,...,m.

Remark 5.2. Noting the special structure of a,j, it can be proved that o; does not contain
the term i after expanding each term in the transformation. Therefore, co; is well defined
even if vy; 1s zero at some time.

For the new variables, the following lemma can be proved and its proof is omitted.

Lemma 5.5. For the (m + 1) systems in (5.15)-(5.19), if
. . ! !
}H?o(zij — zip) =0 and tllglo(vﬂ — =0 (5.20)
for1<i<n,0<1<n-3,and1<j<m, then (5.3) hold.

With the aid of Lemma 5.5, design of controllers for the distributed state feedback control
problem is equivalent to design of distributed controllers v;; and vy; for the m systems in
(5.15)-(5.19) (1 < j < m) such that (5.20) is satisfied.

Noting the special structure of the systems in (5.15)-(5.19), the conditions in (5.20) can
be refined in the following lemma.

Lemma 5.6. For the (m + 1) systems in (5.15)-(5.19), under Assumptions 5.1-5.2, if

. l l
Jim (vf) = vig) = 0 (5.21)
tli)I&(Zgj—Zgo) =0 (522)

for1<j3<mand0<1<n-—3, then
tll)rgo(z” —2zp0) = 0 (5.23)
for3<i<nand1<j<m.
Proof: Let z;j = z;; — zip for 2 <14 < n, then

Zap = —havl) Ty 4 v(Zy — Zy) + ks(vfp Tt — 0l ) 280
+(v1j; — v10) (220 — 240) (5.24)
gn—l,j = —k‘n—lviﬁﬁin—l,j + 01 (Zn—2,j — Zno) + k1 (V75! — U%?_4)Zn—170
+(U1j — 010) (Zn—2,0 — Zno) (5.25)
2nj = —knv%;‘_42nj + Uljgn—l,j + k‘n(’U%g_4 — U%;L_4)Zno + (’Ulj — 'Ulo)Zn_Lo (526)
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Let a nonnegative function
1,
=-3 z
25
and differentiate it along the solution of the systems in (5.24)-(5.26), we have

n—1

n
= - Z kiziolt ™+ kiZao(ofy ™t — vt 4+ > Z(zi-10 — Z1410) (v — v10)
= 1=3

3
—l—znjzn 10(v1; — v10) + Z35Z2j01;.

Noting the facts: (1). Z3p = [230, 240, - - Zn0) | is bounded due to Assumption 5.2; (2). vy,
and vy are bounded; and (3). eqns. (5.21)-(5.22) hold, we have

=Y kT Y 1Al A1 () = —2k0 TV 4 Y| El A(t) < —2k07 TV V2V (D)

=3 =3 1=3

where k = ming<;<,{k;} and f;(¢) is nonnegative and converges to zero. Let V} = VV, it
can be proved that
f1(?)

V2

Since (vi; — vy) satisfies (5.21) and vy satisfies Assumption 5.1, vy; " is a PE signal by
Lemma 5.1. With the aid of the comparison lemma in [90] and Lemma 5.2, V} converges to
zero. Therefore, V' converges to zero. So, (5.23) holds. |

Lemma 5.6 means that the convergence of zy; to 299 and vy; to viy guarantees the conver-
gence of z;; to z for 3 < j < m. Therefore, with the aid of Lemmas 5.5-5.6 the distributed
state feedback control problem is solved if distributed control laws v;; and v,; can be designed
such that (5.21)-(5.22) hold and

‘/1 < k,,U2n 4‘/1+

2n4

lim (21; — 2z10) =0 (5.27)

t—o0

for1 <j5<m.

5.3.2 State Feedback Controller Design

We design control law vy; first. Noting that ij] for 0 <1 < n — 3 are required in a;j, vy;
should be differentiable up to (n — 2)-th order. To this end, we propose dynamic controllers
as follows.

Lemma 5.7. For the (m+1) systems in (5.15), if the state of system 0 is globally reachable
to other systems, then the distributed control laws

vy; = —Bizy + &y (5.28)
§ij = —B2biy — 215 + &9 (5.29)
én—&j = —Bn-9bn-3; — En—aj + &2 (5.30)
§n—2j = —S1; — p1 sign(sy ) (5.31)
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for 1 < j < m ensure that (5.21) and (5.27) hold, where B; (1 < i < n —2) are positive
constants,

S1; = Z aji(£n—2,j - 5n—2,i) + bjﬂj (gn—lj - 5n—2,0) (5‘32)
ieN;

(5.33)

b= { 1, if the state of system 0 is available to system j;
i =

0, otherwise

a;; >0, b; >0, and py s a sufficiently large number.
PTOOf" Let 5n—2,* - [5n—2,1> 671—2,2’ sy 5n—2,m]—ra one has
Sn—2,* = L& 94 — B(§n—2 — En2,01) — p1 sign (LE—o + B(&n—2x — En—201)) (5.34)

where B = diag(by 1, bapia, - . ., b)) If p1 is chosen such that

pr = max [n2.0(1)], (5.35)
by Lemma 5.3 ,_»; exponentially converges to &,_2¢ for 1 < j <m.
Next, we show that (5.21) and (5.27) hold for 1 < j < m. Define z;; = 2z; — 219 and
§ =& — &o for 1 <7< n— 3, one has

5 = —Piky+ & (5.36)
51]' = —Bolij — F1j + &; (5.37)
nes; = —Bu2bn-s;— En-aj+Ensy (5.38)
Let
1 n—3

Zg (5.39)

differentiate V5 along the solution of (5.36)-(5.38), one has

% - 21] Z 51“1‘151] + gn 3]€n 2,5 S 26‘/2 + |€n 2j| \/ 2‘/2 (540)

where 8 = minj<;<,—2{8;}. Let V3 = \/Va, then

[y
i

With the aid of the comparison lemma [90] and Lemma 5.2, V3 exponentially converges

to zero. Therefore, V5 exponentially converges to zero. Hence, (5.21) and (5.27) hold for

1<j<m. m
For the control input vy, the following distributed control laws are proposed.

Vs < —BVs +
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Lemma 5.8. For (m + 1) systems in (5.16), if the state of system 0 is globally reachable
to other systems, then the distributed control laws

’Ugj = —ng — P2 Sigl’l (ng) + dgj (541)
for 1 < j < m ensure that (5.22) holds, where

S2j = Z aji(2aj — 22:) + bjp;(225 — 220) (5.42)
ieN;

and ps s a sufficiently large number.

Proof: Let 2o, = (291, 292, . - ., 29, one has
Zow = —L29x — B(224 — Z901) — posign (Lza, — B(z2. + Z201)) (5.43)
If py is chosen such that
p2 > té%fg§)|220(t)|, (5.44)
by Lemma 5.3 zy; exponentially converges to zg for 1 < j < m. [ |

With the aid of Lemmas 5.5-5.8, we have the following results.

Theorem 5.1. For m systems in (5.1) and a leader in (5.2) with Assumptions 5.1-5.2, if
the state of the leader is globally reachable to other systems, then the distributed state feedback
control laws vy; in (5.28)-(5.31) and vy; in (5.41) ensure that (5.3) holds.

Proof: By Lemma 5.7, the control laws vy; in (5.28)-(5.31) for 1 < j < m ensure that
(5.21) and (5.27) hold. By Lemma 5.8, the control laws v,; in (5.41) ensure that (5.22) holds.
By Lemmas 5.5-5.6, (5.3) holds. |

In Theorem 5.1, p; and py should be chosen such that (5.35) and (5.44) are satisfied.
Since &,_00 and Zy are not available to each system, the lower bounds in (5.35) and (5.44)
are not available to each system. Therefore, p; and p, should be chosen large enough. It is
possible to estimate p; and py online by each system with the aid of neighbors’ states as in
the following theorem.

Theorem 5.2. Form systems in (5.1) and a leader in (5.2) with Assumptions 5.1-5.2, if the
communication graph G is bidirectional and connected and the state of the leader is available
to at least one of the m systems, then the distributed state feedback control laws

vij = —bizy+ &y (5.45)
Vyj = —Saj — poj sign (Saj) + Gig; (5.46)
& = —Paby— 2+ &y (5.47)
§ncsj = —Paosbusj — Encaj+ s (5.48)
o2y = —s1;— pij sign (sy;) (5.49)
P = mglsil (5.50)
P2 = 725]82] (5.51)
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ensure that (5.3) holds and p1; and pa; are bounded, where B; > 0, vy1; > 0, v9; > 0, s1; and
sqj are defined in (5.32) and (5.42), respectively, and aj; = a;; > 0.

P?“OOf.' Let 5n—2,* = [5n—2,1> 571—2,2’ sy 5n—2,m]—ra one has
én—2,* = _Lgn—l* - B(é-n—l* - gn—2,01)
_diag(plla ) le)Sign (‘an—l* + B(gn—2,* - gn—2,01)) (552)

For the systems in (5.52) and (5.50), by Lemma 5.4 &,_5; converges to &,—20 and py; is
bounded for 1 < 7 < m.
By following the proof of Lemma 5.7, it can be shown that (5.21) and (5.27) hold for
1 < j < 'm. Similarly, we can show that (5.22) holds. By Lemmas 5.5-5.6, (5.3) holds. H
In Theorem 5.1, the communication graph is assumed to be fixed. If the communication
topology is switching, we have the following results.

Theorem 5.3. Form systems in (5.1) and a leader in (5.2) with Assumptions 5.1-5.2, if the
communication graph G is bidirectional and connected and the state of the leader is available

to at least one of the m systems at each instant, then the distributed state feedback control
laws vy, in (5.28)-(5.81) and vy, in (5.41) ensure that (5.3) holds.

Theorem 5.3 can be proved by following the proofs of Lemmas 5.7-5.8 and Theorem 5.1.
However, since the communication topology is switching the proof should be revised with
the aid of the fact that £ is symmetric. For brevity of the paper, the proof is omitted.

In the above theorems, in the control laws for system j the required information are
the state of system j and the state of system i for i € N;. The state of the leader is not
required to be known to each system. In contrast to the leader-following approach in [23],
the leader-following communication pattern has been pre-defined before the controller design.
In Theorem 5.1, there is no pre-defined patterns for the communication between systems.
Instead, the requirement is that the m systems are strongly connected and the state of
the leader is available to at least one of the m systems. Moreover, the requirement on the
communication digraph can be relaxed to the the state of the leader system is accessible to
each system.

In [87], the tracking control of multiple chained systems with a leader was considered.
Distributed tracking controllers were proposed with the aid of the results of linear-time
varying systems. In this paper, we consider the same control problem and propose new
distributed tracking controllers with the aid of a new special structure of the transformed
systems and adaptive control theory. In this paper, the proposed distributed tracking con-
trollers are adaptive ones and can estimate the bound of unknown information of the leader
system online by local information. While in [87] the bound of of some information of the
leader system should be known in advance.

5.4 Distributed Output Feedback Controller Design

If states x;; for 2 <7 < n — 1 are not measurable, we design an estimator for system j. The
following observer can be proposed with the aid of the results in [18].
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Lemma 5.9. For system j, the observer is proposed as

Boj = Vo + L 072D (29, — 0) (5.53)
L;Ugj = ’Ulji’gj + lm_g’(];r;()d(m_&z) (I'Qn — .fi’gn) (554)
t%n—l,j = U Tp_nj + 12U1j(l’2n — Zay) (5.55)
Tnj = Vijdn-1, + 11 (T2n — T2n) (5.56)

where l; (1 <i<m— 1) are chosen such that the polynomial
AN DA™ b L oA D

is Hurwitz (i.e. have their roots in the left half of the open complex plane) and mod(k,2)
denotes the fractional part of g If vij is a PE signal, then (x;; — ;5) for 2 < i < n
exponentially converge to zero.

With the aid of the observer in (5.53)-(5.56), we design distributed controllers by following
the controller design procedure in the last section. For simplicity of notation, we let Z;0 = x;9
for 2 < ¢ < n. Define the variables

21y = T15 — Q1j, R9j = X5 — Q25, ..., Zpj = Tpj — Qpj (557)

where ;; (1 < i < n, 0 < j < m) are defined in (5.12)-(5.14), we have the following
equations

le = Ulj (558)

. dOé j mod(m— ~

Zgj = g — dtzj b1 03T (g = ) (5.59)

Z3j = —]{Z3U%]T-L_4Z3j + Ulj (Zgj - Z4j) -+ lm_g’U;r;Od(m_&z) (LL’nj - i’n]) (560)
2n—1,j = —]{?n_l’U%;L_ZLZn_Lj + Ulj(zn—2,j — an) -+ lQUlj(ZL’nj — Lf‘nj) (561)

an —an%;L_4an + V1j2n—1,j + ll (l’nj — Zi'n]) (562)

for j=0,1,2,...,m.

For the new variables in (5.57), it can be proved that Lemmas 5.5-5.6 hold. Since zy; is
available for controller design, the controllers vy; (1 < j < m) can be designed as these in
Lemma 5.7. Next, we propose distributed controllers vy; (1 < j < m).

Lemma 5.10. For (m + 1) systems in (5.59)-(5.62), if the state of system 0 is globally
reachable to other systems, then the distributed output feedback control laws vy; defined in
(5.41) ensure that (5.22) holds, where in (5.41) ps is a sufficiently large number and s9; is
defined in (5.42) with z; defined in (5.57).
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Proof: 'With the control laws v;; in Lemma 5.5, v; exponentially converges to vio. By
Lemma 5.1 and Assumption 5.1, vy, is a PE signal. By Lemma 5.9, (x,; — %,,) exponentially
converges to zero. By the control law vs;, one has

Z"gj = —S825 — P2 Sign(ng) + lm_l’U;?;Od(m_lm (l’nj — Zi'n]) (563)

If (z,,; — Z,,j) = 0 and py is chosen such that

> Zo0 (T

p2 2 max |2 (t)]

by Lemma 5.3 25; exponentially converges to zy. With the aid of the inverse Lyapunov

theorem, it can be proved that z,; exponentially converges to zero. [ |
With the aid of Lemmas 5.7 and 5.10, we have the following results.

Theorem 5.4. For m systems in (5.1) and a leader in (5.2) with Assumptions 5.1-5.2,
if the state of the leader is globally reachable to other systems, then the distributed output
feedback control laws vy; in (5.28)-(5.31) and ve; in (5.41) ensure that (5.3) holds, where p;
and py are sufficiently large numbers and s9; is defined in (5.42) with zo; defined in (5.57).

Proof: By Lemma 5.7, the control laws v; in (5.28) for 1 < j < m ensure that (5.21)
and (5.27) hold. By Lemma 5.8, the control laws vy; in (5.41) ensure that (5.22) holds. By
Lemmas 5.5 and 5.6, (5.3) holds. |

In Theorem 5.4, p; and p, can be estimated on-line by each system with the aid of
neighbors’ outputs as in the following theorem.

Theorem 5.5. Form systems in (5.1) and a leader in (5.2) with Assumptions 5.1-5.2, if the
communication graph G is bidirectional and connected and the state of the leader is available
to at least one of the m systems, then the distributed output feedback control laws vy; in
(5.45) and vy; in (5.46)-(5.49) with the observer in (5.58)-(5.56) and the updated laws pi;
and paj in (5.50)-(5.51) ensure that (5.3) holds and py; and pyj are bounded, where 3; > 0,
Y15 > 0, 725 > 0, s1; and sqj are defined in (5.32) and (5.42) where 2y defined in (5.57),
respectively, and aj; = a;; > 0.

If the communication topology is switching, we have the following results.

Theorem 5.6. Form systems in (5.1) and a leader in (5.2) with Assumptions 5.1-5.2, if the
communication graph G is bidirectional and connected and the state of the leader is available
to at least one of the m systems at each instant, then the distributed output feedback control
laws vy; in (5.28) and vy; in (5.41) ensure that (5.3) holds, where py and py are sufficiently
large numbers and sy; is defined in (5.42) with zy; defined in (5.57).

Theorems 5.5 and 5.6 can be proved similarly as the proofs of Theorems 5.2 and 5.4. For
brevity of the paper, the proof is omitted.
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5.5 An Application

To show the effectiveness of the proposed results, an application of the proposed results to
formation control is considered. It is assumed that there are five identical nonholonomic
car-like robots moving on a horizontal plane. The structure and configuration of each robot
is shown in Fig. 5.1. The kinematics of robot j is

i’j = Uj COS(HJ' -+ QOj), yj = Uj Siﬂ(@j —+ (,Oj), Hj = ’Uj sin (pj/lj, gbj = (A)j (564)

where v; and w; are the driving and steering velocity inputs, respectively. The communication
between five systems is defined by a digraph G. It is given a desired formation F defined
by coordinates (pgj,py;) (1 < j < 5) which satisfy 3°_; p,; = 0 and >7_; p,; = 0 and a
reference system defined by

i0 = vy cos(Bo + ©o), Yo = vo sin(by + o), o = vosin po/lo, Po = Wo (5.65)

where vy and wy are known time-varying functions. The state of the reference system is
available to a portion of the five robots. We consider the following formation control problem.

Formation Control Problem: Design distributed control laws v; and w; for system j using
its own state information and its neighbor’s state information such that

B (2 = 25) = Paj = Pais - (Y5 —9i) = pyj =Py 1 <j#1<5 (5.66)
12 12
B (g —o) =0 lm (g2 w—w|=0 (567

In the formation control problem, (5.66) means that the five robots come into formation
and (5.67) means that the centroid of the five robots asymptotically tracks the position of
the reference system.

In order to solve the formation problem with the aid of the proposed results, we transform
the formation control problem to the control problem considered in this paper. To this end,
we define

Ty = Hj -+ "2

Toj = (x5 = Paj) c08(0; + ;) + (y; — py;) sin(0; + ;)

x3; = (Tj — pay)sin(0; + ;) — (y; — pyj) cos(0; + @) (5.68)
vy; = sinp;v;/l; +w;

Ugj = ’Uj — (A)jl‘3j

for 0 < 7 < m. Then, we have
T1j = vij, Daj =g, Fzj =v1Ty, 05 <5 (5.69)

It can be shown that for the systems in (5.69) if (5.3) holds the formation control problem
is solved.

In the simulation, it is assumed that in the reference system (i.e., j = 0 in (5.69))
vio = 0.5, vyg = —0.25sin(0.5¢), and the initial condition ., = [0,0.5,0]", which means
that the state of the reference system is (z19, 20, 30) = (0.5¢, 0.5 cos(0.5t), 0.5sin(0.5¢)). So,
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Figure 5.1: Configuration of Figure 5.2: Communication Figure 5.3: Response of
a car-like robot graph G (21; — @10) for 1 <@ <5.

Assumptions 5.1-5.2 are satisfied. We assume that the communication digraph is shown in
Fig. 5.2. The cooperative controllers can be obtained with the aid of Theorem 5.1. We
choose the control parameters a;; = 2, k3 = 2, b; = 2, p1 = 2, and pp = 2. Fig. 5.3 shows the
response of (z;1 —x10) (1 < j <5). Fig. 5.4 shows the response of (z9; — 9) (1 < j < 5).
Fig. 5.5 shows the response of (z3; — x30) (1 < j <5). Figs 5.6 and 5.7 show the response
of (:7_ 2 — xo) and (3 30— y; — o). The simulation results show that the formation
control problem can be solved with the aid of the the proposed results in Theorem 5.1.

If the communication graph is time-varying and switches according to the following logic

G- G in Fig. 5.8, if t —round(¢) >0
| GinFig. 5.9, ift—round(t) <0

the control laws in Theorem 5.3 solve the formation control problem. Fig. 5.10 shows the
response of (xj; —x19) (1 < j <5). Fig. 5.11 shows the response of (x9; — x2) (1 < j < 5).
z;

Fig. 5.12 shows the response of (z3; — x30) (1 < j < 5). The response of (Z?Zl 2 - xo) is

shown in Fig. 5.13. The response of ( ?:1 % — yo) is shown in Fig. 5.14. The simulation
results show that the formation control control problem can be solved with the aid of the
proposed distributed control laws in Theorem 5.3.

5.6 Conclusion

This chapter has discussed the leader-following control problem of multiple nonholonomic
systems for time-invariant and time-varying communication graphs. With the aid of the
properties of persistently excited signals and results from graph theory distributed state
feedback control laws and output feedback control laws were proposed. An application of the
proposed results to formation control of wheeled mobile robots was considered. Simulation
results show the effectiveness of the proposed control laws.

65



5)

v
\

2 20 (A=

-

7

R S B B R
time (sec)

Figure 5.4: Response

(1’2]‘ — {L'Qo) for 1 S 1 S 5.

of

VY, +Y Y, +Y )5y,

I R T S
time (sec)

Figure 5.7:
(% 5‘:1 Yi — Yo)-

Response of

5)

M

\

X3 %10 @

~o 2 i é ¢ s 2
time (sec)

Figure 5.10:
(.’L‘lj — 1’10) for 1 S 1 S 5.

Response of Figure 5.11:

X3 X300 (1=js5)

+X_ XX, + —.
(><1 X +X+X xs)IS %o

P R NI U I a—t
time (sec)

Figure 5.5: Response of
(35 — x30) for 1 <4 <5.

00— amaiand)

Figure 5.8: Communication
graph G

time (sec)

Figure 5.6: Response of
(% ?:1%’_%)-

0023l

Figure 5.9: Communication
graph G

XZJ—XZO, (1=j<5)

X3 X300 (1=js5)

o 2 i é : T 2 1
time (sec)

(Jfgj — .TQ()) for 1 S 1 S 5.

66

Response of Figure 5.12:

time (sec)

Response of

(Jfgj — .T30) for 1 < 1 < 9.



(X1+X2+X3+X4+X5)/5_Xo
V1 +Y, Y +Y Y )5y

time (sec) time (sec)

Figure 5.13: Response of Figure 5.14: Response of
( ?:1965_]_1'0)- ( ?:1%_90)-

67



Chapter 6

Distributed Exponentially Tracking
Control of Multiple Wheeled Mobile
Robots

6.1 Introduction

There are lots of applications of wheeled mobile robots in practice and control strategies
have been developed for decades. Wheeled mobile robots with nonslip constraints are typi-
cal nonhonomic systems. Stabilization of a single nonholonomic system is challenging due to
the fact that no smooth pure state feedback control law exists for stabilization. Moreover,
no dynamic continuous time-invariant feedback controller is available to render the closed
loop system locally asymptotically stable [91]. With the efforts of researchers, several ap-
proaches have been proposed for stabilizing nonholonomic systems, which can be classified
into the following three aspects, namely, discontinuous time-invariant feedback, the time-
varying feedback, and the hybrid feedback. For details, see [92] and the references therein.

It is challenging to design tracking controllers for wheeled mobile robots because of its
nonlinear feature. Samson and Ait-Abderrahim proposed the first tracking controller for a
mobile robot in [16]. Then a tracking controller was designed through linear approximation
for nonholonomic systems in [93]. In [94], the tracking task of wheeled mobile robots was
fulfilled by linearizing both static and dynamic feedback. Fliess et al solved the tracking
problem utilizing results of “differentially flat” nonlinear systems [95]. With the aid of
backstepping techniques, semi-global tracking controllers were proposed for a chained-form
system in [17]. In [96], global state and output tracking controllers were proposed for chained-
form systems with the aid of Lyapunov techniques. Based on the results of cascade systems,
linear tracking controllers were proposed for chained-form systems in [18,97].

Due to the practical requirement of specific tasks, the consensus problem without a leader
has been extensively studied in the past decades. In [32], matrix theory was applied to pro-
pose local control laws for fist-order linear discrete-time systems such that the states of
multiple systems converge to a constant value. In [33], Laplacian matrix of a communica-
tion graph was exploited to propose local control laws for the consensus problem of multiple
first-order linear continuous-time systems. In [34], consensus algorithms were proposed with
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relaxed assumption on the communication graphs in [33]. Consensus problem with a leader
has also been studied systematically and several control laws have been proposed. In [43],
consensus problems of first-order and second-order linear systems were considered. Dis-
tributed controllers were proposed such that the state of each system converge to a desired
trajectory within finite time under the condition that the desired trajectory is available to
a portion of the group of systems. In [72], leader-following consensus of high-order linear
systems was considered over a switching communication topology. Distributed controllers
were proposed with the aid of Riccati-inequality-based approach. In [98], consensus control
of multi-agent systems was considered. Output feedback controllers were proposed with the
aid of H,, theory. In [64], consensus of high-order linear systems was considered for time-
varying and directed communication topologies. Distributed controllers were proposed with
the aid of the observer design approach. In [65,66], consensus of multiple linear systems
was considered in a unified viewpoint and a notation of concensus region was introduced.
In [73], the leader-following consensus problem for a group of agents with identical linear
systems subject to control input saturation was considered. Linear feedback laws were pro-
posed for fixed and switching communication topology. In [68,69], consensus of first-order
and second-order nonlinear systems was considered. Finite-time control laws were proposed
with the aid of a comparison lemma. In [99], cooperative control of multiple mobile robots
was considered. Distributed control laws were proposed with the aid of consensus approach.

In this chapter, we study distributed formation control of multiple nonholonomic wheeled
mobile robots with a leader whose state is not available to each system such that the group
of robots converges to a desired geometric pattern whose centroid follows the leader. New
distributed control laws are proposed based on the results of cascade systems and the prop-
erties of persistently exciting signals. Compared to the results in [64-66,72,73,98], in this
paper cooperative tracking control is solved for multiple nonlinear systems. Compared to
the results in [99], a new approach is proposed for cooperative tracking control problem of
multiple wheeled mobile robots and the proposed control laws can make the tracking errors
uniformly exponentially converge to zero, which is much more applicable in practice.

The remaining parts of this chapter are organized as follows. In Section 2, the considered
problem is formulated and some preliminary results are presented. In Section 3, distributed
tracking controllers are proposed. in Section 4, controllers are proposed for switching com-
munication graphs. In Section 5, simulation results are presented. The last section concludes
this paper.

6.2 Problem Statement

It is considered a group of m wheeled mobile robots which move on a horizontal plane. The
motion of robot j is described by

Lt'j = Vj COS Gj, yj = vy sin Hja 9] = Wy (61)

where (z;,y;) is the position of robot j in a coordinate system, #; is the orientation of robot
J, vj is the speed of robot j, and w; is angular speed of robot j. The control inputs are v;
and w;

69



For m system, each system knows its own state and its neighbors’ states by communi-
cation and/or sensors. For simplicity, it is assumed that the communications between the
systems are bidirectional. If we consider each system as a node, the communication between
the systems can be described by a (undirected) graph G = {V, £}, where V = {1,2,...,m}
is a node set, and £ is an edge set with unordered pair (7, j) which describes the commu-
nication between node ¢ and node j. If the state of node ¢ is available to node 7, node i is
called a neighbor of node j. The set of all neighbors of node j is denoted by N;. A graph is
called connected if for any two different nodes there exists a set of edges which connect the
two nodes.

A formation of m robots is defined by a geometric pattern P. The pattern P can be
described by orthogonal coordinates (p;.,pj,) (1 < j < m). Without loss of generality, we
assume that 37" p;, = 0 and 37, pj, = 0, i.e., the center of the geometric pattern P
is at the origin of a local orthogonal coordinate system. It is given a reference trajectory
qo(t) = (xo(t), yo(t), Oo(t)) which satisfies

jl'o — Vg COS 90, y() = Vo sin 90, 90 = Wo (62)

where vy and wy are known time-varying functions. The state ¢ is assumed to be available
to a portion of the m wheeled mobile robots.
Let ¢; = [z;,v;,0;]", the control problem considered in this article is defined as follows.
Control Problem: Design a control laws v; and w; for system j using its own state g;,
its neighbor’s state ¢, the relative position with its neighbor (p.,py,) for I € Nj, and the
desired trajectory qq if it is available to the system such that

lim [ Ty — Tj ] _ lpm — DPjz ] (6.3)

t=oo | Y — Yy Piy — Pjy

Jim (6, — 00) = 0 (6.4
N RN P P _

tliglo Lg; m :L'O] - O,tlgglo Lg; m yol =0 (6.5)

for 1 <i#£ 35 <m.
In order to solve the defined problem, the following assumption is made on the desired
trajectory.

Assumption 6.1. The d;zo (0 <i <2) are bounded and [T 62(1)dr > p for some p > 0
and T > 0.

6.3 Cooperative Controller Design

Define the change of variables

215 = 05, 205 = (2 —Pja) cos 0+ (y; —pjy) sinb;, z3; = (2 —pjo) sin0;— (y; —pjy) cos b; (6.6)

70



for 0 < j < m, where k3 > 0 and po, = po, = 0. The transformed state space model is

21]' = Wj (67)
Zoj = Uj Wiz
Zgj = Wjzy;. (6

We have the following results.

Lemma 6.1. If limt_,oo(zlj - 210) = 0, limt_,oo(zgj - ZQ(]) = 0, and limt_,oo(z;),j - 230) =0 fOT’
1< j<m, then (6.3)-(6.5) hold.

System (6.7)-(6.9) can be considered as a cascade system of (6.7) and (6.8)-(6.9). We
first design control law w; for system (6.7) such that lim, ,.(21; — 210) = 0. For a group of m
robots (1 < j < m), the communication between robots is described by a graph G = {A, £}.
Given an m x m constant matrix A = [a;;] with a;; = a;; > 0, the Laplacian matrix £ = [L;]
of the graph G with weight matrix A is defined by
—aji, if i € Nj and i # j
) 0, if i ¢ N and i # j

7 S oan, ifj=i
I#5IEN;
For the Laplacian matrix, the following result is useful in this paper.

Lemma 6.2 ([99]). If the communication graph G is connected, then (L + diag(u)) is a
positive definite symmetric matriz, where constant vector u = [p1, fa, ... fm] ', i > 0
(1 <i<m) and at least one of the elements of p is nonzero.

With the aid of Lemma 6.2, we have the following lemma.

Lemma 6.3. For the (m + 1) systems in eqn. (6.7) (0 < j < m), if the communication
graph G is connected and the system 0 is available to at least one of the m systems, the
control laws

wi = &y — Y ai(z1; — 215) = (215 — 210) (6.10)
ieN;
& = — 2 aji(&y — &) — b€y — &uo)
ieN;
—pj sign | > a;i(€r; — Eui) = bip; (€15 — o) (6.11)
ieN;

for 1. < j < m guarantee that lim; (215 — 210) =0 and limy_,o(w; — wy) = 0, where
&0 = o, b; > 0, p1; is sufficiently large, the parameter p; = 1 if system 0 is available to
system 7 and p; = 0 if system 0 is not available to system j.

The proof of Lemma 6.3 is the same as the proof of Lemma 4 in [99] and is omitted here
for space limitation.

With the aid of Lemma 6.3 and the results of cascade system, we have the following
results.
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Theorem 6.1. For the (m + 1) systems in eqn. (6.8) (0 < j < m), under Assumption 6.1,
if the communication graph G is connected, then the distributed control laws (6.10)-(6.11)
and

‘Uj = —k?lzgj — k?gw]'23j + Wjz3; + 52]’ (612)
i = — D &y — &ai) — bjf1;(Ea5 — Ex0)
ieN;
—B; sign | > a;i(&y — &ai) + bjp;(E25 — &) (6.13)
ieN;

for 1 < j < m ensure that (215, 225, 23;) uniformly exponentially converges to (219, 220, Z30)
and (&15,&25) exponentially converges to (§10,&20), where B; is a sufficiently large positive
constant, ki > 0, ky > 0, and

520 = Vg — Wp230 + k1220 + k2w0230. (614)

In [99], distributed control laws for multiple wheeled mobile robots were proposed such
that the state of each system asymptotically converges to a desired state. In this paper, new
distributed tracking control laws are proposed with the aid of the results of cascade systems.
Moreover, the proposed control laws ensure that the state of each system globally uniformly
exponentially converges to a desired state.

6.4 Simulations

To show the effectiveness of the proposed results, simulation has been done for three robots.
The desired geometric pattern P is shown in Fig. 6.1. The pattern P can be described by
orthogonal coordinates (p1z,p1,) = (—1,1.7), (pax, p2y) = (—1, —1.7), and (pss, psy) = (2,0).
Assume the reference trajectory is (zg, yo, ) = (10sin(0.5¢), —10 cos(0.5t), 0.5t), by (6.2)
vp = b and wy = 0.5. So, Assumption 6.1 is satisfied.

Assume the communication graph is shown in Fig. 6.2. The cooperative controllers can
be obtained by Theorem 6.1. We choose the control parameters a;; = 2, k3 = 2, by = 2,
p1 =2, and py = 2. Fig. 6.3 shows the centroid of z; (1 < i < 3) (ie., L7_; ;/3) and .
Fig. 6.4 shows the centroid of y; (1 < i < 3) (Le., ¥7_, y;/3) and yo. Fig. 6.5 shows (6; — 6,)
(1 <i<3). Fig. 6.6 shows the path of the centroid of the three robots and its desired path.
From the simulation (6.4)-(6.5) are satisfied. Eqn. (6.3) is also verified and the response of
them is omitted here.

6.5 Conclusion

This chapter has discussed the formation control of multiple wheeled mobile robots under the
condition that a desired trajectory is available to only a portion of the systems. Distributed
control laws were proposed with the aid of Lyapunov techniques and results from graph

72



y (m)

[>

LI
x(m)

Figure 6.1: Desired geomet-
ric pattern.

) A ()

Figure 6.2: Information ex-
change graph G

15
Time (sec)

Figure 6.3: Response of the
centroid of x; (solid) for 1 <
i < 3 and xq (dashed).

y (m)

15
Time (sec)

Figure 6.4: Response of the
centroid of y; (solid) for 1 <
i < 3 and yp (dashed).

15
Time (sec)

Figure 6.5: Response of
(92'—90) for 1 §Z§3

73

Figure 6.6: The path of the
centroid of the three robots
(dashed line), the desired
path (solid line) of the cen-
troid of robots, and forma-
tion of the three robots at
several moments (red trian-
gles).



theory. Simulation results show the effectiveness of the proposed control laws. In this paper,
the information exchange graph is assumed to be bidirectional. The future work is to extend
our results to more general information exchange graphs.
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Chapter 7

Neural Network Based Distributed
Control of Mechanical Systems
with/without Constraints

7.1 Introduction

Wheeled mobile robots (WMRs) have wide spectrum of applications in civil and military
areas. Control of a single WMR has been extensively studied in the past decades and many
control algorithms have been proposed [92]. As the complex of tasks increases, some tasks
are required to be accomplished by multiple WMRs cooperatively. Moreover, compared to
a single WMR system a system consisting of multiple WMRs have the features such as (a)
reliable, (b) flexible, (c) scalable, etc. Considering these, cooperative control of multiple
WDMRs has been studied by researchers in the past decades. Early research on cooperative
control of multiple WMRs is based on the assumption that all information of each WMR is
available to a central station and each WMR is controlled by the commands from the central
station. This type of cooperative control is called the centralized cooperative control. In
centralized cooperative control, control algorithms can be designed by considering multiple
WMRs as a single system and the performance of the whole system can be optimized.
However, in centralized cooperative control the control law for each WMR depends on the
information of each WMR, which means that the centralized cooperative control system are
not scalable and are not robust to communication failure.

To overcome the shortcomings of the centralized cooperative control, distributed coop-
erative control has been proposed. In distributed cooperative control, there is not a central
station and the control law for each WMR only depends on its neighbors’ information. There
are many distributed cooperative control problems in practice. An important problem is the
leader-following control problem where there are multiple WMRs and a leader WMR whose
information is only available to a portion of the group of WMRs. The leader-following
control problem is to design a distributed control law for each WMR using its neighbors’
information such that each WMR follows the leader WMR. In this paper, we consider the
leader-following control of multiple WMRs. In order to design control laws, the dynamics
of each WMR should be known. However, in practice it is hard to obtain the dynamics
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of a WMR exactly. Since neural networks have the ability of approximating a unknown
function, we apply neural networks to learn the unknown parts in the dynamics and then
design controllers with the aid of the approximation of the neural networks. Furthermore, we
take the advantage of adaptive control into our controller design and propose on-line tuning
algorithms for the neural networks in the controllers.

7.1.1 Related Work

In the last decades, control of a single WMR had been an active research area. An important
feature of a WMR system is that the number of its inputs is less than the number of its
degree of the freedom. This feature makes control problems of a WMR challenging. Tracking
control of a WMR has been extensively studied and various control laws has been proposed
with different methods in [16-18]. However, these control laws cannot be applied to the
leader-following control multiple WMRs.

Cooperative control of multiple systems has been studied in the last decades. Various
control methods have been proposed in its early research, for example the behavior-based
method in [19, 20], the virtual structure method in [21,22], the artificial potentials method
in [25,26], and the graph theoretical method in [27,28]. As one of cooperative control
problems, leader-following control of multiple linear systems has been extensively studied.
For multiple first-order linear systems, distributed controllers were proposed in [41-44] with
the aid of sliding mode control and adaptive control. For multiple second-order systems,
distributed controllers were proposed in [43, 44, 100]. For multiple high-order linear systems,
the leader-following control problem was studied in [71-74]. The leader-following control
of multiple Lagrangian mechanical systems was considered in [101] with the aid of graph
theory. The leader-following control of nonlinear systems has also been studied. For multiple
WDMRs, distributed controllers were proposed in [99] with the aid of a transformation based
on backstepping techniques. For multiple chained form systems with a leader, distributed
tracking controllers were proposed in [87] with the aid of the cascade structure of each system.
For multiple first-order and second-order systems with uncertainty, distributed controllers
were proposed in [102, 103]. For multiple linear systems with uncertainty, distributed finite-
time tracking controllers were proposed in [104] with the aid of Lyapunov techniques. For
multiple uncertain mechanical systems, distributed tracking controllers are proposed in [105].

7.1.2 Our Contributions

In this chapter, we consider the leader-following control problem of multiple uncertain me-
chanical systems with/without velocity constraints. In order to solve the problem, the cas-
cade structure of each system is explored and the property of the input-to-state stability
(ISS) is identified for each system. With the aid of the ISS property and the passivity prop-
erty of each system, distributed neural network based tracking controllers are proposed with
the aid of neighbors’ information. In the proposed controllers, the unknown dynamics of each
system is approximated by neural networks and the state of the leader system is estimated
with the aid of sliding mode control and adaptive control. The contributions of this article
are as follows: 1) the leader-following control problem is solved for uncertain mechanical
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systems with/without velocity constraints, which receives less attention in literature; 2) a
novel ISS based approach is proposed for distributed tracking control of uncertain dynamical
systems with the aid of neural network approximation and adaptive distributed estimation.
The proposed approach can be applied solve the distributed tracking control of uncertain
mechanical systems as well as uncertain mechanical systems with constraints; and 3) an ap-
plication of neural networks in distributed cooperative control of multiple uncertain WMRs
is presented and it is shown that neural networks have potential applications of distributed
control of uncertain nonlinear systems.

The remaining parts of this chapter are organized as follows. In Section 7.2, the first
problem considered in this article is defined and some preliminary results are presented. In
Section 7.3, distributed tracking controllers of multiple uncertain mechanical systems with
velocity constraints are proposed. In Section 7.4, the proposed controller design method in
Section 7.3 is applied to solve the leader-following control of uncertain mechanical systems.
In Section 7.5, two applications of the proposed results are considered. Simulation results
are presented. The last section concludes this article.

7.2 Problem Statement and Preliminary Results

7.2.1 Problem Statement

Consider m mechanical systems with velocity constraints. The j-th system is defined by

M;(04)iin; + Ci(dejs GG + G(0e5) = Biau) s + J(05) " Ay, (7.1)
J(Gs)d:j = 0 (7.2)
where q.; = [quj, ..., n;] " is the state of system j, M;(q.;) € R™" is a bounded positive-

definite symmetric matrix, C;(q.j,¢sj)Gs; is centripetal and Coriolis torque, G;(g.;) is a
gravitational torque, B;(q.;) € R™" is an input transformation matrix, 7; € R" is the
control input, J(g.;) € R™=s~Y*" is a full row rank matrix with s = n — 1 — Rank(J(g;)),
2<s+1<mn,r>s+1, N\ € R"* ! is the Lagrange multiplier which expresses the
constraint force on system j, and the superscript T denotes the transpose. In system (7.1)-
(7.2), the constraint (7.2) is assumed to be completely nonholonomic for each system [3]. In
the dynamics, M;, C;, and G; are assumed to be unknown in this paper. However, dynamics
(7.1) has the following properties [106]:

Property 7.1. M; is a bounded symmetric matriz.

Property 7.2. Matriz (M; — 2C;) is skew-symmetric for a proper definition of C;. This
property is called the passivity property of the dynamics (7.1).

The communication between the systems can be described by the edge set £ of a directed
graph (or digraph for short) G = {V, £} where the m systems are represented by the m nodes
in V. The existence of an edge (I,7j) € £ means that the information (the state) of system
[ is available to system j for control (i.e., unidirectional communication). Bidirectional
communication, if it exists, would be represented by the edge (7, 1) also being in the edge set
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€. The symbol N denotes the neighbors of node j and is a set of indices of the systems whose
information is available to system j. A directed path in a digraph is an ordered sequence of
vertices such that any ordered pair of vertices appearing consecutively in the sequence is an
edge of the digraph.

It is given a desired trajectory Gum+1 = [qimt1s---,Gnm+1]’ which is generated by a
leader system

Mm+1 (Q*,m—l—l)q*,m—l—l + Cm—l—l(Q*,m—l—lu Q*,m-}-l)q*,m_yl —+ Gm+1(q*,m+1)
- Bm+1(q*,m+1)7'm+1 + J(Q*,m+1)T)\m+la (7-3)
J(q*,m+1>Q*,m+1 =0 (74)

where M,,.1 € R™", Cpyq1 € R™", G € R™, and B,,;1 € R™*" are known matrices. The
input 7,11 is a known time-varying function. For simplicity, the leader system (7.3)-(7.4) is
denoted as system (m—+1). The m systems in (7.1)-(7.2) and the leader system in (7.3)-(7.4)
can be considered as a group of (m + 1) systems and the communication between (m + 1)
systems is denoted by the digraph G¢ = {V¢ E¢}. The neighbor set of node j is denoted by
./\fje. Since the leader system does not receive information from other systems, the neighbor
set of node (m + 1) is an empty set, i.e., N5 ; = 0. Node (m + 1) is reachable to node j
(j # m + 1) if there exists a directed path from node (m + 1) to node j. Node (m + 1) is
said to be globally reachable if node (m + 1) is reachable to node j for 1 < j7 < m. In this
paper, the following assumption is made on the communication digraph G°.

Assumption 7.1. In the communication digraph G¢, node (m + 1) is globally reachable.

The control problem that will be discussed first is defined as follows.

Leader-following control: For m systems in (7.1)-(7.2) and a leader system in (7.3)-(7.4),
the control problem is how to design a control law 7; for system j using its own state (q.;, G«;)
and its neighbor’s state (., ¢.;) for © € N¥ such that

Hm (g(t) = gumsa(t)) =0 (7.5)

for 1 < j <m.

In the leader-following control problem, the state of each system is available to itself and
its neighbors. The desired state g 1 is only available to a subset of a group of the systems,
which make the leader-following control problem challenging.

7.2.2 Some Results on Linear time-varying systems

Throughout this article, || - || stands for the Euclidean norm of vectors and induced norm of
matrices. For z = [x1,...,2,]", || = [|o1],..., |2.|]7, sign(x) = [sign(zy), ..., sign(z,)]",
and diag(x) is a diagonal matrix with the element in the main diagonal being . 0 is a vector
or matrix with each element being zero and with an appropriate dimension. 1 is a vector
with each element being one and with an appropriate dimension. For a symmetric matrix
B € R™" A\pnin(B) denotes the smallest eigenvalue of B and A, (B) denotes the largest
eigenvalue of B. We denote by B, the open ball B, := {z € ®" : ||z| < r}. A function
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a(s) : R0 = R is said to be of class K (a € K), if it is continuous, strictly increasing
and zero at s = 0. Moreover, if a(s) — 0o as s — oo we say that o € K. The origin
of the system & = f(t,z) is globally uniformly stable (GUS) if there exists a € K., such
that ||z(t)] < a(]|zo]|) for all ¢ > ¢y and all t5 > 0. It is uniformly globally asymptotically
stable (UGAS) if in addition to GUS, for each r and € > 0, there exists T'(r, €) > 0 such that
(to, xo) € N> x B, implies that [|z(t)|| < € for all £ > ¢, + 1. The origin of the system is
said to be globally uniformly exponentially stable (GUES) if there exist two strictly positive
constants 7y, and 7, such that

(¢, to, 20)|| < mllaole 2t

for any initial condition zo(tg) and ¢t > ty. A function ¢(t) € R is said to be persistently
excited (PE) if there exist p1 > 0 and 7" > 0 such that

t+T
/ o(7)2dr > p, V>0,
t

For a PE signal, the following lemma will be applied in this paper.

Lemma 7.1. (Lemma 4.8.3 in [5]) Signal & (t) is a PE signal, if &(t) is bounded and
converges to zero, then & + & is a PE signal.

For a linear time-varying system, we have the following results.

Lemma 7.2. (/87]) For a linear time-varying system

- Cl—1¢(t>m0d(l_172)Xl—1 - Cl¢(t)mod(l,2)xl (76)

{ X1 = —Cix1 — C20(t)X2 — Cc3x3 + -
X2 = X1, X1 = Xi—1

where mod(l, 2) denotes the remainder of the Fuclidean division of | by 2, and constants ¢
(1 <i <) are chosen such that the polynomial

Nt N4 N+ ¢ (7.7)

is Hurwitz (i.e. all roots are in the left half of the open complex plane), if ¢(t) is an absolutely
continuous PE signal and maxcioo){|0(t)], |0(t)|} < dm < 00 almost everywhere, then the
system (7.6) is GUES.

Lemma 7.3. For the system
x = Alt)xz+ F(t) (7.8)

where A(t) is bounded and & = A(t)x is GUES. If F(t) is bounded and converges to zero,
then the system (7.8) is GAS.
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Proof: Since @ = A(t)x is GUES and A(t) is bounded, by Theorem 7.8 in [61]
Q(t) = [ @40, H)Pa(o,t)do
t

is a continuously differentiable symmetric matrix for all ¢ and is such that

ml < Q) < nal (7.9)
ATBQ) + QAL + Q1) < —nsl (7.10)
where 71, 72, and 73 are finite positive constants, and ®(o,t) is the state transition matrix

of the system & = A(t)z. Let V(t) = 2" Q(t)x and differentiate it along the solution of the
system, we have

V = 2" (QA+ATQ+Q)x+2:"QF
< —mpr'r+22 QF < —%V +mVV|F|
1

where 74 is a positive constant. By the comparison lemma [90], it can be shown that V'
converges to zero if F' converges to zero. Therefore, x converges to zero. [

7.2.3 Some Results of Algebraic Graph Theory

For the digraph G¢ with a weight matrix A° = [a;i]m+1)xm+1) (@i > 0), its weighted
Laplacian matrix £° = [L§;]on+1)x(m+1) is defined as

—aji, if i # j and i € Ny
oo, if i # j and i ¢ N¢
7 > ag, ifi=j.

ke/\/j

(7.11)

For the digraph G with the weight matrix A which is formed by the first m rows and the
first m columns of A°, its weighted Laplacian matrix £ = [Lj;]xm is defined as

—aj;, if i # jand i € N}

Li=1{"% ifs 7 and i ¢ N; (7.12)
> g, ifi=j.
keN;
By the definition,
e _ [ L0 | L5 | _ [ £+diag(£5,) | —L5
ﬁ_[o\o = 5 5 (7.13)
where
L, = L+ diag(LS,) (7.14)
‘CTZ = [al,m—i-l,ula IO am,m-{—l,um]—r (715)
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and

(7.16)

~_J 1, ifnode (m + 1) is available to node j
i = 0, otherwise

for 1 < j <m.
For the weighted Laplacian matrix £¢, the following results will be applied in this paper.

Lemma 7.4. ([38, 87]) For the digraph G¢ with weighted matriz A° = [aj;|(mt1)x (m+1) (@i >
0), its weighted Laplacian matriz L is defined in (7.11). If node (m+1) is globally reachable,
then

1. £¢1 =0;

2. zero is a simple eigenvalue of L¢ and non-zero eigenvalues of L all have positive real
parts;

3. =LY, 1s a Hurwitz matriz;

4. Let
P = (diag((£5)7'D) " = diag((Pi, ., P
then P and
Q= PLY + (ﬁil)TP

are positive definite matrices.

With the aid of Lemma 7.4, the following results can be obtained.

Lemma 7.5. For the digraph G¢ with the weight matriz A® = [a;i|(m+1)x(m+1) (a5 > 0),
consider the system '
== a(§—&) +dj, 1<j<m (7.17)
ieNe
where {; € R, d; is bounded and (d; — Emi1) exponentially converges to zero. If node (m+1)
is globally reachable, (& — &mni1) globally uniformly exponentially converges to zero for 1 <
Jj<m.

Proof: Let éj =& — &ngr for 1 < j < m and € =1[&,...,&n]T, then (7.17) can be
written in a compact form as

E=—LSE+ [y, dp)" = Emirl. (7.18)
Since —Lf, is a Hurwitz matrix by Lemma 7.4, system (7.18) is a perturbation of a stable
linear system with an exponentially decaying disturbance ([d1, . .., d,n] " —&ny11). Therefore,
the system (7.18) globally uniformly exponentially converges to zero. |
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Lemma 7.6. For the digraph G° with the weight matriz A® = [ai](m+1)x(m+1) (@j; > 0),
consider the system

& =— 3 au(§— &) — p; sign < > (& — 5i)> (7.19)
ieNe ieNe
where & € R for 1 <j <m+1.
1. If node (m + 1) is globally reachable and
pi(t) > [Emia (D). (7.20)
then (& — &mt1) globally uniformly exponentially converges to zero for 1 < j <m.

2. If the communication between node j and i for 1 < j # i < m are bidirectional, node
(m + 1) is globally reachable, |&,,41| is bounded, and

po= diag(y)|L£5,€]. (7.21)
where p = [pla"-apm]—r7 Y= [71)"-a7m]—r7 Vi > 0 fOT 1 <1< m, and g = [gl -
Emity s Em—Emy1] T, then (& —&nir) asymptotically converges to zero for 1 < j <m
and p is bounded.

Proof: 1. Let s = £¢,€, then
$ = —Lis — L{,diag(p)sign(s) — diag(ﬁ‘ﬁ)émﬂl

where we apply the fact that £1 = 0. Choose a Lyapunov function candidate V = s'Ps
where P is defined in Lemma 7.4, we have
V = —s'Qx—2s' PLS diag(p)sign(s) — 2s" Pdiag(LS,)Ems1
—s'Qz — 25" PLdiag(p)sign(s) — 2s ' PLS,diag(p)sign(s) — 25" Pdiag(LS,)Eme11

< —s'Qu —2s" PLdiag(p)sign(s) — 23 Piajmi1p;lsil (p; — [émia])
j=1

< —s'Qx — 2s' PLdiag(p)sign(s)

< —5Qp < mmixly

= s LP)

Therefore, V exponentially converges to zero. So, (§;—&n+1) globally uniformly exponentially
converges to zero for 1 < 7 < m.
2. Equation (7.19) can be written as

5 = _Eié — diag(p)sign(s) — £m+11

Since the communication between node j and i for 1 < 5 # ¢ < m are bidirectional and node
(m + 1) is globally reachable, £f, is a symmetric positive definite matrix. Let a constant
M > &,,11(t) for any ¢, we choose a Lyapunov function candidate

V=058 + Y v i — M)A

=1
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Differentiate V' along the solution of the system, we have

Vo= —2€7(L5))%€ — 2£7 L5, diag(p)sign(s)
26T L5 &1 +23 7 (o — M)py
j 1

= 27 (£5,)? _2ij|sj|_z2|§m+l|sj

+2Z%-_1(pj — M)p;
=1

< =26T(L5)%E =23 pjlsil + 0 20mil sy
j=1 j=1
+227{1(Pj—M)Dj
= —25 'Cil fN Z |5j|
7j=1
—N"2(M — [£npa])]s5] +227}1(Pj — M)p;
= =1
< —25 (L£5)) é Z |SJ‘

+227{1(pg— — M)p;
=1

= —2{7(L£5)% <0 (7.22)

which means that V is bounded. Therefore, & and p; are bounded. By integrating both

sides of (7.22), 5 is square-integrable. Since §~ is bounded, by Barbalat’s lemma é converges
to zero. ]

7.2.4 Neural Network Approximation

The multilayer neural network (NN) is modeled with the aid of the structure of biological
nervous systems [107]. It is a nonlinear function which can map an input space RP into
an output space RY. The NNs have the abilities of function approximation, learning, gen-
eralization, classification, etc. A two-layer neural network is shown in Fig. 7.1. It has a
hidden layer with [ neurons and an output layer with ¢ neurons. The input vector x has p
components. Input 1 is for considering thresholds. The output of the neural network can be
written as

v =y =W aﬁ(VTl[lD

X
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where matrices V' and W are the hidden layer and the output layer weights and thresholds
and ¢ is the activation function of neutrons. In W, the elements in the first row are thresholds
of the output layer and the elements in other rows are weights of the output layer. In V,
the elements in the first row are thresholds of the hidden layer and the elements in other
rows are weights of the hidden layer. For the sake of simplicity, the above equation can be
written as

y=W'¢ (VTx)

by redefining the activation function ¢ and z. For the activation function there are different
choices ([108,109]). Typical choices are

1. sigmoid function: ¢(s) = —2

2. hyperbolic tangent function: ¢(s) = };Z:Z;
—(s—a)?
3. radial basis function: ¢(s) = %,

4. etc.

A multilayer neural network can be applied to approximate a nonlinear function. For
a contunous function f(x): Q@ — R? and a small positive number € where () is a compact
subset of RP, it has been proven in [110] that there exists a sufficiently large number [ of
neurons in the hidden layer with suitably selected activation function ¢ and weights and
thresholds such that one has

1f(@) =WTe(VTa)| <e (7.23)

for any = € 2. Let
E(z) = f(x) = W' ¢(V ' z)

E(z) is called the NN functional reconstruction error vector. In order to choose a suitable
NN to approximate f(x), one needs to suitably select the activation function ¢, the number
of neurons in the hidden layer, and weights and thresholds. The NN is a nonlinear function
of the parameter V', which means that the selection of V' is hard. The NN is a linear function
of parameter W. It can be shown that if the weight matrix V' are suitably selected and is
fixed it is possible to select weight matrix W such that (7.23) holds ([111,112]). Actually,
this fact can be easily proved with the aid of the first-order Taylor approximation formula
at sufficient dense points in €.

In this paper, we will assume that the activation function ¢, the number of neurons in the
hidden layer, and the weight matrix V' have been chosen and are known. While the weight
matrix W is unknown. For convenience, ¢(V Tz) will be denoted by ¢(z). The optimal
weight matrix W of W for approximation is defined as

W = argmin{sup || f(x) — W ()]}
€

If f(z) is a known function, the optimal weight matrix W can be obtained explicitly as
a function of f(z) and ¢(x) with the aid of different optimization methods. If f(z) is an
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input Hidden Layer ~ Output Layer

Figure 7.1: Architecture of a two-layer neural network [107]

unknown function, one cannot obtain W as a function of f(z) and ¢(z). In order to obtain
an estimate of W, one way is to train the NN by the training algorithms as in [111,113].
Another way is to design online tuning algorithms as in [107, 114] with the aid of Lyapunov
stability theory. In this paper, we will propose an online tuning algorithm for .

7.3 Distributed Controller Design

To solve the cooperative control problem, we convert the systems in (7.1)-(7.2) and (7.3)-
(7.4) into a suitable form. For 1 < j < m+1, let the vector fields ¢1(gs;), - . ., gs+1(gs;) form a
basis for the null space of J(gs;). Then, by (7.2), there exists a vector u.; = [u1j, ..., ust14]"
such that

Guj = 9(qej) i = 91(qej)taj + -+ Gog1 (G ) Usir,g (7.24)
where g(q.;) = [91(qj)s - - -5 Gsr1(qss)] € R™EHD . Differentiating both sides of (7.24) and
substituting it into (7.1) and multiplying on the left by ¢g'(g.;), we have

M;j(qs) g + Ci(Qujs Guj )i + G(qu5) = Bj(qus)7; (7.25)
where we have used the fact that g'(g.;)J " (¢.;) = 0, and
i Mj(qy) = g (q5)M;(q:5)9(qs))
Cj(qu Q) = 9 (a5)M;(05)9(as5) + 97 (045)Ci(asss du5) 9(as5)
G_J'(Q*j) = 9'(¢4j)G;(qs5)
Bi(¢y) = 9'(g5)Bj(qy)

Based on Property 7.2 of dynamics (7.1), the following property can be easily proved:

Property 7.3. Matrix ]\Zj — QC_']- 18 skew-symmetric.

The reduced system (7.24)-(7.25) describes the motion of the system (7.1)-(7.2). There-
fore, the leader-following control problem can be considered based on the systems in (7.24)-
(7.25). In order to completely actuate each nonholonomic system, B;(q) is assumed to be
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a full rank matrix. (7.24) is called the kinematics of system j, while (7.25) is called the
dynamics of system j.

To simplify the leader-following control problem, we assume that eqn. (7.24) has two
inputs and is in the following chained form after suitable state and input transformations

qij = Uy, (7.26)
Q25 = U2, Gij = U1jGi-1,5, 3 <1< (7.27)

For the leader system, the following assumption is made.

Assumption 7.2. For the system (m+1) in (7.25)-(7.27), w1 ms1 is an absolutely continuous
PE signal and max;c(o,00){|U1,m+1(t)]; |U1,ms1(t)|} < 00 almost everywhere. q; i1 and Gim+1
are bounded for 2 <i<mn—1.

We design distributed control laws based on the backstepping techniques and the ap-
proximation property of neural networks. In the first step, it is assumed that (u;,ug;) is
a control input for system j in (7.26)-(7.27) and we design a distributed control for it such
that (7.5) holds. In the second step, we design distributed controller 7; such that (7.5) holds
with the aid of the results in step 1.

e Step 1: The system in (7.26)-(7.27) is a cascaded system. The subsystem in (7.26) is
a first-order linear system and the subsystem in (7.27) is a linear time-varying system. We
take this advantage in controller design. For (m + 1) linear systems in (7.26), we propose
the distributed controller for system j as

ulj = 771]' (728)
where
mj = — > ailqy — qu) + &y (7.29)
iE/\f]‘?

&1; is an estimate of ¢y 41 and will be designed later such that

lim (glj - q1,m+l) i 0 (730)

t—o00

erp .
where = means ”exponentially converges to”. Let

q1; = 415 — q1,m+1,

with the control law (7.28), we have

Gy =— > aji(qij — Gui) + &5 — dms1- (7.31)
iENT

Under Assumption 7.1, by Lemma 7.5 (¢; — ¢m+1) uniformly exponentially converges to zero
for 1 < j < m. Therefore, u;; exponentially converges to u,,4+1 and is a PE signal.
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For (m + 1) linear time-varying systems in (7.27), we propose a distributed control law
for system j as

Ugj = ’f]gj (732)

where

k mod(n,2)

M2 = —k2q2j — k‘g’ulj(J?,j — T Rplg, Inj + X1j (733)

X1; is an estimate of

N = Gomi1 + k2Gemi1 + k3t mi1G3,me1 + -
mod(n,
+knu1,m-i(-1 2)qn,m+1 (7.34)

and will be designed later such that

. exp
Jim (1, = 4) 20 (7.35)

and ks, ..., k, are chosen such that the polynomial
D 9 i ARy NIPD Sy (7.36)

is Hurwitz. Let §i; = ¢ij — ¢im+1 for 2 <1 <n, with the control law (7.32), we have

- ~ ~ mod(n,2) ~
425 = —koGoj — kaui;Gs; — - — k‘nulj ( )qnj + X1
—A— Y ki(uy = w1 @mra (7.37)
odd =3
quj = U1Gi-15 T (ulj —Ul,m+1)%’—1,m+1, (7.38)
3 <1 <n.

The system in (7.37)-(7.38) can be considered as a perturbation of the following linear time-
varying system

Ty = —kaGoj — ksuijGs; — -+ - —

qi; = wGi-15, 3<i<n.

with the perturbation

n
X1 — A — Z k:l(ull - Ul,m-i—l)Ql,m-i-l
odd =3

A = (W1 — Wi mt1)G2,mt1 (7.41)

(Ulj - Ul,m+1)qn—1,m+1

Since uy; is a PE signal, by Lemma 7.2 the system (7.39)-(7.40) is GUES. Since A is
bounded and converges to zero, by Lemma 7.3 the system (7.37)-(7.38) is GAS. Therefore,
gi; converges to zero for 2 <7 <n.
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To summarize, for system (7.26)-(7.27) the controllers (7.28) and (7.32) with 7,; defined
in (7.29) and n,; defined in (7.33) ensure that (7.5) hold.

e Step 2: uy; and uy; were not the real control input. They cannot be chosen to be 7;;
and 7y;. Let t1; = uy; — mr; and g = ug; — 125, the systems in (7.31), (7.37)-(7.38), and
(7.25) can be written as

G =— Y Gy — Gui) + &1j — Qumer + Ty (7.42)
iENT

G = kot — Kl itas — - - ke ged) e s

Q2g 2425 3U1543; nu1] Qnj + U
+x1; = A= ) ki(wu — w1 @mt (7.43)

odd 1=3
Qi; = u1Gi-1,5 + (U5 — Ui mi1)Gi-1mi1,3 < 0 <. (7.44)
M;(gs;)isj = Bj(qej) 75 = Cj(dujy Guj )iy .

—(Mjn.; + Cineg + G) (7.45)

where w,; = [u1;, uz;]" and n.; = [, 7o) "
For the system in (7.42)-(7.44), the following ISS property can be shown.

Lemma 7.7. For the system in (7.42)-(7.44), under Assumptions 7.1-7.2, if
1. & is bounded and (7.30) is satisfied,
2. x1; is bounded and (7.35) is satisfied,
3. @y and Gy, are bounded and converge to zero,

then g; converges to zeros.

Proof:  1f (7.30) is satisfied, (7.42) is a perturbation of the system (7.31) with the
perturbation ;. Since the system (7.31) is GUES, ¢, converges to zero if @;; is bounded
and converge to zero by Lemma 7.3. Furthermore, u;; is a PE signal by Lemma 7.1.

If (7.35) is satisfied, (7.43)-(7.44) is a perturbation of the system (7.39)-(7.40) with the
perturbation y; and A;. Since u;; is a PE signal, the system (7.39)-(7.40) is GUES by
Lemma 7.2. By Lemma 7.3 g;; converges to zero if y; is bounded and converge to zero. W

With the aid of Lemma 7.7, we design a distributed controller 7; for (7.45), &5, and y;
such that the conditions required in Lemma 7.7 are satisfied. In (7.45),

Fi(5) = M(qu)heg + Ci(Gujs Gug ) + G(Gss) (7.46)

is unknown, where z; = [q*Tj, q;g., 7];5-, 7'7*Tj]T. fi(z;) is a static function of z;. A neural network
can be applied to approximate it. We choose a suitable activation function ¢; and suitable
weights and thresholds in the hidden layer for a NN. For an optimal weight and threshold
matrix V_V*j of the NN,

filzy) = Wigi(z;) +e. (7.47)
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where the optimal parameter matrix is defined by

W,y = argmin{sup || fj(x;) — W56}
€N

*7 x;
and €; is a positive constant such that
1£i(5) = Wi(x)] < &. (7.48)

It should be noted that €; is small if the number of the neurons in the hidden layer is large
and W,; is unknown.
With the approximation of the neural network, (7.45) can be written as

M;(quj)it; = ngq*j)Tj — Ci(Qujs G )l
~W.jo,(z;) — €. (7.49)

J

We choose the control law
7 = B; (q.) [—Kp@*g‘ + W) - ﬂstigH(@*j)} (7.50)

where K, is a positive definite symmetric matrix, W*j is an estimate of W,; and will be
designed later, and ps; is a positive constant such that

P3j = €- (7.51)
With the control law (7.50), we have
Mjj(quj)tvey = —Epiing = Cj(Qsjy Gug) s
+(Way = Wig) " ) — pajsign(ag) — €. (7.52)
The update law is chosen to be

where I'; is a positive definite symmetric matrix. To prove the stability of the closed-loop
system with the proposed control law and update law, we choose a Lyapunov function
candidate

S T _ o _
V = iu*T]M]u*] + itr((W*] — W*j)TFj I(W*j — W*j)) (754)

where tr(-) denotes the trace of its variable. Differentiate it along the solution of the closed-
loop system, we have

. ~ ~ 1. B _
Vo= _ul—iju*j + §U*T](M] — QC]’)U*]’
i (W — Wiyg) Ty — alipsjsign(iig) — il
(W — W) T W)

_ AT ST T
= U Kyl — U,;p3;81g0 (1) — U, €5

€j

— 1 KTy — paj(|Ty] + |Tg]) + & (|| + g5))

—i, Kyl <0

IA N
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which means that V' is bounded. So, ,; and W*j are bounded. By integrating both sides
of the above inequality, it can be shown that ., is square-integrable. Noting that ﬁ*j is
bounded, by Barbalat’s lemma ., converges to zero.

e Step 3: We design &;; and xi; such that &; and x;; are bounded and (7.30) and
(7.35) are satisfied. In the control law (7.50), 7, is required, which means that & ; and ys;
are required to be differentiable. With the aid of the results in [40], we design & ; and xu;
(1 < j < m) as follows.

élj = —Bi&; + & (7.55)

Ej = — D &y — &) — pyysign | D au(&y — &) (7.56)
ie/\/]? ie/\/je

X1;, = —Baxui + Xz (7.57)

X2 = — Z aji(x2; — X2i) — po; sign Z aji(x2; — X2i) (7.58)
z‘e/\fje z‘e/\/je

where (5, and (3, are positive constants,

So.mi1 = Gm+1 + Brdime (7.59)
Xome1r = A+ oA (7.60)

and pi; and py; are chosen such that

[om1(1)] (7.61)
[X2m+1(8)]- (7.62)

p15(t)

>
po;(t) >

For the systems in (7.56), &; exponentially converges to &2 ,4+1 by Lemma 7.6. Equation
(7.55) can be written as

d . )
E(&j — G1m+1) = —B1(&15 — Grmt1) + &5 — Eoma-

Since 81 > 0, &; exponentially converges to ¢ ,,+1. Similarly, it can be shown that xi;
exponentially converges to A. Therefore, conditions 1 and 2 in Lemma 7.7 are satisfied. By
Lemma 7.7, g; converges to zero.

With the above controller design procedure, we have the following results.

Theorem 7.1. For m systems in (7.1)-(7.2) and a leader system in (7.3)-(7.4), under
Assumptions 7.1-7.2, the distributed control law (7.50) and the update law (7.53) for 1 <
j < m ensure that (7.5) holds and W.; is bounded, where 1y, and ny; are defined in (7.29)
and (7.33), & and x1; are generated by (7.55)-(7.58), ki (2 <1 < n) are chosen such that
the polynomial in (7.36) is Hurwitz, p1j, p2j, and ps; are chosen such that (7.61)-(7.62) and
(7.51) are satisfied, aj; > 0, 51 >0, By > 0, K, and I'; are positive definite matrices.
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Remark 7.1. In the proposed control laws, the neural network can be a RBF neural network
or other types of neural networks. In short, any neural network works in this paper if it has
the approzimation property in (7.47). For a specified control system, one can choose specified
neural networks based on the information of the dynamics of the system for convenience
[107]. In the simulation in Section 7.5, we choose a RBF neural network to approzimate the
unknown function f; for demonstration.

Remark 7.2. In the proposed control law (7.50), the parameter matriz W*j in the neural
network is tuned online by the algorithm in (7.53). Therefore, the neural network does not
need to be trained off-line in advance. This is one of the advantages of the proposed control
laws. The learning algorithm in (7.53) is derived with the aid of the Lyapunov function
candidate (7. 54) The learning algorithm (7.53) guarantees that W.; is bounded but does not

guarantee that W*] converges to its optimal value W,;. For the initial value of W*J, one may
choose them to be any bounded values.

Remark 7.3. In Theorem 7.1, the control laws are distributed. Only neighbors’ information
1s required for control. To deal with uncertainty in each system, neural network based control
laws are proposed in Theorem 7.1. It is possible to propose other types of controllers to deal
with uncertainty, for example, adaptive control laws, robust control laws, robust adaptive
control laws, etc. For space limit, we omit them here.

In Theorem 7.1, it is required that ps; satisfies (7.51). However, €; is generally unknown.
To meet this requirement, ps; can be chosen to be a large number or ps; is estimated on-line
as follows.

psj = Baj(|tas] + [usg)). (7.63)
To verify the rightness of this update law, we choose a Lyapunov function candidate
1 .+ - 1 A - T - 1 _
Vo= §U*Tij“*j +otr(Wey = W) T Wy — W) + 505 (ps; = &)°.
Differentiate it along the solution of the closed-loop system, we have
) 1 _ _
~T ~ ~T ~
V = —u*iju*j + iu*j(Mj — 2Cj)u*j
+7~L*T](W*J - W*j)Tij — a*ijngign(a*j) — a*TjEj
+tr(Way — W) "I W) + B3 (ps; — &) s
= —U Ky — i,ps8ign () — U,€;
+03;' (psj — &) s
< =l Ky — &[Ty + |ig|) — @,
—(p3j — &) (|| + ltoy]) + B35 (p3; — )3
< =i Kyl <0
which means that V' is bounded. So, u.;, Bs;, and W*j are bounded. By integrating both
sides of the above inequality, it can be shown that ,; is square-integrable. Noting that .,

is bounded, by Barbalat’s lemma ., converges to zero.
With the above analysis, we have the following results.
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Theorem 7.2. For m systems in (7.1)-(7.2) and a leader system in (7.3)-(7.4), under
Assumptions 7.1-7.2, the distributed control law (7.50) and the update law (7.53) for 1 <
j < 'm ensure that (7.5) holds and W,; and ps; are bounded, where ny; and 1y, are defined in
(7.29) and (7.33), &1 and x4 are generated by (7.55)-(7.58), ki (2 <1 <n) are chosen such
that the polynomial in (7.36) is Hurwitz, p1; and py; are chosen such that (7.61)-(7.62) are
satisfied, ps; is updated by (7.63), aj; >0, f1 >0, B > 0, B3; > 0, K, and I'; are positive
definite matrices.

In Theorem 7.2, py; and po; are required to satisfy the in-qualities in (7.61)-(7.62). It is
possible to estimate them if the following assumptions are satisfied.

Assumption 7.3. The communication graph G is bidirectional and node (m+ 1) is globally
reachable.

Assumption 7.4. ég,mﬂ and X2m+1 are bounded

Under Assumptions 7.3-7.4, with the aid of Lemma 7.6 the update laws for p;; and p;
can be chosen as

Py = | D @iy — &) (7.64)
iENT

P = | > aji(x2 — Xai) (7.65)
iENY

where 7; > 0 and 1 < j < m. These results are summarized as follows.

Theorem 7.3. For m systems in (7.1)-(7.2) and a leader system in (7.3)-(7.4), under
Assumptions 7.2-7.4, the distributed control law (7.50) and the update law (7.53) for 1 <
j < 'm ensure that (7.5) holds and W,; and ps; are bounded, where ny; and 1y, are defined
in (7.29) and (7.33), & and x1; are generated by (7.55)-(7.58), ki (2 <1 < n) are chosen
such that the polynomial in (7.36) is Hurwitz, p1; and po; are updated by (7.64)-(7.65), ps;
is updated by (7.63), aj; >0, 1 >0, 52 >0, B3; >0, v; > 0, K, and I'; are positive definite
matrices.

7.4 Distributed Tracking Control of Multiple Mechan-
ical Systems

In last section, we solved the distributed tracking control of mechanical systems with velocity
constraints. If there is no velocity constraints, the method proposed in the last section also
works.

For m mechanical systems, the dynamics of system j without constraint can be written
as

M;(Gs+j)Gsj + Cj(@uj Gxj) s + Gi(qs5) = T (7.66)
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where q.; = [quj, ..., 0n;]" is the state of system j, M;(q.;) € R™" is a bounded positive-
definite symmetric matrix, C;(q.j,+j)Gs; is centripetal and Coriolis torque, G;(g.) is a
gravitational torque, and 7; € R" is the control input. In this paper, it is assumed that the
dynamics of (7.66) is unknown and Property 7.2 is satisfied. The communication between
systems is described by a communication digraph G.

It is given a leader system whose state is ¢,,41(t) and is only available to a portion of
m systems. The leader system is labeled as system m + 1. The communication between
m + 1 systems is described by the communication digraph G¢. The distributed tracking
control problem is to design a distributed tracking control law for each system using its local
information such that (7.5) holds for 1 < j < m.

The control laws can be designed by following the procedure in the last section. To this
end, (7.66) is written as

M;j(quj )it + Ci(Gujs Guj)tiaj + G(qug) = 7 (7.68)
where M;j(¢.;) = M;j(qj); Ci(Qujs duj) = Cj(dujs duj)s Gj(gej) = Gj(gss). The system in
(7.67)-(7.68) has a cascade structure. Controllers are designed in three steps.

e Step 1: For system (7.67), the distributed controller is proposed as

(S (7.69)
where
N = — D @ilGej — @) + g (7.70)
z'e/\f;

and §,; is an estimate of ¢, ,,+1 and will be designed later such that
Jm (€1 = Gumer) 20, (771)

By Lemma 7.6, it can be shown that (7.5) holds with the control input (7.69).
e Step 2: Since u,; is not the real control input, u,; cannot be n,;. Let ,; = u,; — 1y
and ¢.; = ¢«j — Qu.m+1, then

C'j*j = - Z aji((j*j — Cj*z) + ﬁ*j + g*j - Q*,m-l-l (772)
iENY

M;(qj) g + Cj(auj, duj) g = 75 — (Mi(qej) g + Ci(quj Gj)nig + Gasy). (7.73)

It can be shown that system (7.72) has the ISS property with input @.; + &.; — ¢um+1. Next,
we design 7; such that @.; converges to zero. Since dynamics (7.66) is unknown, f;(z;)
defined in (7.46) is unknown. We choose a suitable activation function and suitable weights
and thresholds in the hidden layer, then f;(x;) can be written as (7.47). We propose the
control law as in (7.50) and the update law as in (7.53). Similarly, it can be proved that .
converges to zero and W*j is bounded.
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e Step 3: In this step, we design &,; such that &,; is bounded and (7.71) is satisfied.
This step is similar as Step 3 in the last section. The control law for ,; is proposed as

Eg = il + Gy (7.74)
(o = — > aji(Cy — Ga) — pij sign | D aji(Cy — Ga) (7.75)
iENY iENT
where
Com+1 = Gem+1 + B1dem1 (7.76)
and

p1j =\ é;l,—m—l—lé*,m—i-l- (7.77)

With the above controller design procedure, we have the following results.

Theorem 7.4. For m systems in (7.66) and a leader system with state .11, under As-
sumption 7.1, the distributed control law (7.50) and the update law (7.53) for 1 < j < m
ensure that (7.5) holds and W.; is bounded, where n.; is defined in (7.70), £.; is generated
by (7.74)-(7.75), prj and ps; are chosen such that (7.77) and (7.51) are satisfied, a;; > 0,
B1>0, B2 >0, K, and I'; are positive definite definite matrices.

In Theorem 7.4, it is required that ps; satisfies (7.51). It is possible to estimate ps; as in
the following theorem.

Theorem 7.5. For m systems in (7.66) and a leader system with the state qum+1, under
Assumption 7.1, the distributed control law (7.50) and the update law (7.53) for 1 < j <m
ensure that (7.5) holds and W.; and ps; are bounded, where n.; is defined in (7.70), &,; is
generated by (7.74)-(7.75), p1j is chosen such that (7.77) is satisfied, ps; is updated by

p3; = Basj > |yl (7.78)
=1

a; >0, 81 >0, B35 >0, K, and I'; are positive definite matrices.

In Theorem 7.5, py; is required to satisfy the inequalities in (7.77). It is possible to
estimate them under the following assumption.

Assumption 7.5. %q*mﬂ and G m+1 are bounded.

Theorem 7.6. For m systems in (7.66) and a leader system with the state qum+1, under
Assumptions 7.8 and 7.5, the distributed control law (7.50) and the update law (7.53) for
1 < j < m ensure that (7.5) holds and W*j and ps; are bounded, where n,; is defined in
(7.70), & is generated by (7.74)-(7.75), p1j is updated by

n

P =0 D 4Gy — Gi) (7.79)
I=1 |ieN*
psj is updated by (7.78), aj; > 0, f1 > 0, B3; > 0, v; > 0, K, and I'; are positive definite
matrices.
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Figure 7.2: Configuration of a wheeled mobile robot

7.5 Simulations

7.5.1 Formation control of Multiple Mobile Robots

To verify the proposed results in Section 7.3, simulation has been done for formation control
of five nonholonomic wheeled mobile robots on a horizontal plane (Fig. 7.2). For robot j,
its dynamics and the constraints are shown in (7.1)-(7.2), where q.; = [x;,v;,0,]", J(q.;) =
[sin6;, cos0;,0], M; = diag[m;, m;, 1;], C; =0, G; =0,

1 | cos 0; cosb;
B; = —| sinf; sinb;
Wl -1

(x,y;) is the position of robot j, 6, is the orientation of robot j, R; is the radius of the
driving wheels, 2L, is the distance between the two driving wheels, m; is the mass of robot
J, and I; is the inertia moment of robot j around the vertical axis. In the controller design,
the dynamics of each robot is assumed to be unknown for controller design.

It is given a leader system (7.3)-(7.4) and a desired formation defined by a geometric
pattern P whose vertexes are at coordinate: (p,1,py1), (Da2,Py2), (Pa3:Py3)s (Pua,Pya), and
(pus, Pys)- The leader system is labeled as system 6. The formation control problem of five
mobile robots is to design distributed control laws 7; using neighbors’ information such that

lim T = T 7.80
t_molyi_yj] piy_pyj‘| 7 ( )
I % —0 7.82
25 ) =0 T

5
. Y
tlgglo (E gj - yG) =0. (7.83)
The velocity constraint (7.2) is equivalent to

j;j = W1 COS Gj, y'j = Wy; sin 9]-, 9j = Way (7’84)
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where w; and wy; are the speed and angular speed of robot j. The formation control problem
can be solved with the aid of the results proposed in the last section. To this end, we define

q; = b;

G2j = (Tj = paj)cost;+ (y; — py;)sinb;

g3j = (x5 — pay)sinb; — (y; — py;) cost; (7.85)
ulj = ’LUQj

Ugj = Wij — W245q3;5

for 1 < j <6, where py6 = pys6 = 0. Then,

Gij = U1y, Qo5 = Uzj, (35 = U1;q2; (7.86)

which is a special case of system (7.27). In dynamics (7.25),

’ m;qs m; | migs; 0 |’

.G =0.

R; R;

1 1

_ a3itly g3 —L;
5| |
In (7.85), the notation ¢;; is reused in conformity to the notation in Section 7.3. It can
be shown that the formation control problem is solved if (7.5) is satisfied for 1 < j < 5.
Therefore, the proposed distributed control laws in Section 7.3 can solve the formation control
problem.

In the simulation, it is assumed that the desired formation pattern is shown in Fig. 7.3
and the state of the leader system is (xg,ys, 0s) = (10sin(0.5¢), —10cos(0.5¢), 0.5¢). The
distributed control laws in Theorem 7.1 solve the formation control problem. In the control
laws, we choose the activation function

$j(2) = e/ (7.87)

and 1); is defined in (7.88). ¢; can be chosen as other forms which are omitted here for space
limit. Fig. 7.4 shows the communication digraph between systems. Figs. 7.5-7.7 show the
response of (x; — x6 — pj), (Yj — Y6 — pyj), and (0; — bg) for 1 < j < 5, respectively. The
simulation results show that (7.5) is satisfied. Fig. 7.8 shows the centroid of z; (1 < i <5)
(ie., X0y ;/5) and xg. Fig. 7.9 shows the centroid of y; (1 < i <5) (ie., >0_;y;/5) and
yg. Fig. 7.10 shows the path of the centroid of the five robots and its desired path. Fig. 7.11
shows the estimates of the parameter W,; in the neural networks. The simulation results
verify that (7.81)-(7.83) are satisfied. Eqn. (7.80) is also verified and the response of them
is omitted here. The results in Theorem 7.2-7.3 were also validated by simulations. Due to
space limitation, we omit them.
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Figure 7.3: Geometric pattern of the formation
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Figure 7.4: Communication digraph G

KXo Py

o 2 2 5 s 10 12 14 1 18 2
times (sec)

Figure 7.5: Response of (z; — x¢ — py;) for 1 <i <5.
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Figure 7.6: Response of (y; — ys — py;) for 1 <i <5.
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Figure 7.7: Response of (§; — ) for 1 <1i <5.

10 T

times (sec)

Figure 7.8: Response of the centroid of z; (solid) for 1 <i <5 and x¢ (dashed).
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Figure 7.9: Response of the centroid of y; (solid) for 1 <4 < 5 and yg (dashed).
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s EN) = N (om)
Figure 7.10: The path of the centroid of the five robots (dashed line), the desired path (solid

line) of the centroid of robots, and formation of the five robots at several moments (red
pentagons).
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Figure 7.11: Estimates of parameter W,; in neural networks.
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7.5.2 Synchronization of Multiple 2-DOF Manipulators

To verify the proposed results, simulation has been done for three follower systems and one
leader system. For the three follower systems, each system is planar manipulator with two
revolute joints (see [115]). The dynamics of each system can be written as (7.66), where
¢; € R? is the joint variable, 7; is the control input,

[ dyy dig
M, —
! | diz do ]
o = hgaj  h(dij + doj)
N 0
G — [ (maler + maly)g cos gij + maleag cos(qij + go;)
! Maleo cos(qrj + Gaj)

dy = mul? +mo(B + 12+ 2012

+2l1lep co8 qoj) + I + Iy
diy = ma(l% + l1le cos ¢j) + I
doy = mul®, + 1o

h = —mglllcgsinq2j

where the physical meaning of each variable above can be found in [115]. For simplicity,
three follower systems are assumed to be identical. The communication between systems is
defined by the digraph in Fig. 7.12. The state of the leader system is g., = [2cost,3sin 2t]"
and is available to system 1. The distributed control problem is to design distributed control
law for each system such that (g.; — g.4) converges to zero.

In the simulation, the dynamics is unknown. By Theorem 7.5, the control law is (7.50)
and the update law is (7.53). In the control law, the activation function is chosen as in (7.87)
where 1); is defined in (7.89). Fig. 7.13 shows the time response of (¢1; — ¢14) for 1 < j < 3.
Fig. 7.14 shows the time response of (ga; — go4) for 1 < j < 3. It is shown that (g.; — gu)
converges to zero, which means that the proposed results in Theorem 7.5 are right. The
simulation of the control laws in Theorem 7.6 has also been done. The simulation results
verify the results in Theorem 7.6. Due to space limitation, we omit them here.

7.6 Conclusion

This chapter considers distributed leader-following cooperative control of uncertain mechan-
ical systems with/without velocity constraints. Neural network based distributed control
laws are proposed with the aid of distributed estimation, robust control, and neural network
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Figure 7.12: Communication digraph.
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Figure 7.13: Response of (¢1; — qu4) for 1 < j <3
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Figure 7.14: Response of (¢gg; — qo4) for 1 < j <3
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approximation techniques. Applications of the proposed results are presented. Simulation
results show the effectiveness of the proposed results.
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Chapter 8

Distributed Formation Tracking
Control of Multiple Mobile Robotic
Systems

8.1 Introduction

Consensus problem for multi-agent systems has been intensively studied due to developments
of distributed computing and graph theory,

Robotic mobile vehicle systems are applied into variety of environments including mili-
tary and industry with advantages of high flexibility and various capabilities, when equipped
with accessories such as hand grippers and infrared detector, mobile vehicles can fulfil com-
plex tasks of rescue,security and navigation. Cooperation of multiple vehicles receive more
attentions in recent years as group performances guarantee higher efficiency and robustness,
compared with monolithic system, multivehicle systems are more applicable to spatially dis-
tributed environments where mobile vehicles are required to function in different locations,
disability of a portion of vehicles won’t affect the overall performance by simply being cut off
from the rest sound ones. Before developing capabilities for multivehicle systems, it is im-
portant to study the coordination problem since individual vehicle in the group is expected
to move in specific manners. various control methods are applied to formation control of
multivehicle systems and rendezvous problem. Coordination of multivehicle systems can be
transformed into consensus problem as all vehicle systems are supposed to converge to a
reference state, from analysis of vehicle models, it is known kinematic of vehicle systems
is a first-order nonlinear system, by linearization from state transform or other nonlinear
control methods, vehicle kinematic system can be stablized and converge to consensus val-
ues. Consensus on multiple single-integrator systems is addressed in [29, 33,34, 45]. In [34],
Consensus control for both continuous-time and discrete single-integrator is addressed, the
authors consider switching communication graphs and the conception of union of digraph
is introduced to solve the consensus for dynamically changing topology. Consensus control
algorithms for multiple second-order systems are studied in [116][117]. In [117], Tracking
with a time-varying second-order leader is addressed, leader of both bounded acceleration
and linear form are considered. In [118], Consensus problem for multiple high-order linear

103



systems with time delays in both the communication network and inputs is considered, ob-
server based output feedback protocols are proposed for arbitrarily large yet bounded delays.
In [119], The authors use decentralized discrete-time block control scheme to achieve forma-
tion and trajectory tracking, both first-order and second-order systems are discussed, each
agent is provided with discrete-time state observers and formation tracking can be achieved
applying the proposed block control with a consensus scheme. In [120], distributed consensus
tracking algorithms without velocity measurements under both xed and switching network
topologies for first-order and second-order kinematics for proposed for a leader-follower com-
munication topology. A mild connectivity requirement is adopted for distributed consensus
tracking and swarm tracking.

Formation tracking is one common problem of multiple vehicle coordination, a time-
varying reference signal is regarded as the desired trajectory and all the vehicle agents are
supposed to track it. unlike centralized formation tracking control, in which individual
follower can utilize information from reference signals directly along with its own states, dis-
tributed formation tracking control utilizes information of vehicle’s own states and that from
its neighbors from which it can receive information from wireless communication. In general
communication topologies, only a portion of vehicles can communicate with the reference
signal, control of all the other vehicles depends on control information from their neighbors.
Distributed formation control is addressed in [121][122][123][6], in [121], a new kinematics
model for leader-follower system is addressed and globally stable controller is designed with
the aid of backstepping methods. In [122][123], Formation stabilization for multiple nonholo-
nomic mobile robots is addressed and distributed control methods are studied for vehicles
kinematic systems with the aid of cascaded system, a leader-follower graph is applied to
describe the communication topology of multivehicle systems. In [6], Distributed formation
tracking methods are addressed with the aid of o process by suitable variable transformation.
Delayed communication is considered for the proposed controllers. In [124], a novel forma-
tion control technique of multiple wheeled mobile robots employing artificial potential field
based navigation is addressed , the communication graph is considered as a leader-follower
topology, the leader motion by artificial field and followers motion by control. In [125],
Instead of measuring the poses directly from sensors, the authors apply continuous-time ex-
tended Kalman filter to estimate the poses under the assumption each robot has only coarse
positioning sensors. In [126], he leader-waypoint-follower formation is constructed based on
relative motion states, the followers are designed to move to their desired waypoints, both
stable tracking and receding horizon tracking control methods are applied to guarantee the
convergence errors stable and tend toward zero efficiently. In [127], a formation controller
is designed to make the formation control system robust against the unmeasured velocity of
the leader robot with the Lyapunov redesign technique.

In real-life operations, control of kinematics is not practical due to the unavailability of
velocities, engine-generated torques actually control the motion of vehicles. From analysis
of vehicle dynamics. It is learned parametrical uncertainties exist in the dynamic systems.
Uncertainties are either estimated by adaptive control methods [128][129] or through neural
networks’ on-line training process [130][131]. In [128][129], Parametrical uncertainties are
estimated by adaptive control methods and a dynamics-based controller is designed with the
aid of kinematic-based controller and backstepping methods. In [130][131], Neural networks
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are applied to estimate the dynamics of the robots and computed-torque controller is designed
with the aid of kinematic-based formation controller and backstepping methods. In [132],
A dynamics-based controller consisting of a feedback linearization part and a sliding mode
compensator, is designed for leader-tracking.

In this chapter, distributed formation tracking of multiple wheeled unicycles is considered,
variable transformations are utilized to change vehicle’ kinematic system into chained-form
system, exponential stability of cascaded system is introduced for controlling distributed
formation tracking algorithms for transformed kinematic systems and exponential stability
of the chained-form systems is proved to guarantee all vehicles track the desired reference
trajectory with fixed formation. Distributed controller for vehicles’ dynamics is designed
with the aid of backstepping methods and kinematics-based controller, sliding mode control
method is applied to estimate the parametrical uncertainties. Compared with the distributed
algorithms in [133], the control methods proposed in this paper is more practical and im-
plementable since the derivatives in kinematic control part is removed, besides, the variable
transformation and control laws are conciser compared with that in [133], which also sim-
plifies the control in real-life operations. Simulations have been done to prove the proposed
control algorithms.

8.2 Problem Statement

With the aid of Lagrange-D’Alembert principle, m unicycle systems with three generalized
states are defined as

M;j(qj)dej + Cj(duj Ge)deg + Gi(ag) = Bjlag)mj + T (a:5)N (8.1)

J(qj)dsj =0 (8.2)
where q.; = [q15, @25, @35] " = [zj,y;,0;]" are the states of system j, M;(q.;) is a 3 x 3 positive-
definite symmetric matrix, C}(q.;, ¢«j)ds; represents centripetal and Coriolis force, G;(g.;)
is the gravitational force, B;(g.;) is a 3 x 2 input transformation matrix, J(g.;) is the two-
dimensional control inputs vector, A; is the constraint force imposed on system j. Then
derivatives of generalized states ¢,; can be defined as

o, 0 ] 53)

Guj = 9(4j)Veg = | sind; 0| 7
0 1 J

In the right hand of (8.1) there are nonholonomic constraints J ' (g.;)A; which have noth-
ing to do with controlling torques, notice g(g.;) * J ' (g;) = 0, then by replacing ¢.; in (8.1)
with V,;, nonholonomic constraints are removed.

M;(quj)Vij + Ci(sj, 64;)Vas + Gj(ay) = Bi(as)75 (8.4)

where

M;(qg) = 9" (a5)M;(qq)9(q.)
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Ci@ejs &) = 9" (0e5)M;(0:)9(as5)
+0"(45)C5(ess Guj)9(d;)
Bj(¢.5) = 9 (q)B;(a)

The communication between vehicles is characterized by a directed tree G = (V,€)
through this paper, where V is the set of vehicle vertices with V = {vy,vs,...,v,,} and
£ eV xV. ej=(v,v;) is an element of £ if the state information flow goes from v; to v;
, v; is called a neighbor of v; and N represents the sets of all neighbors of v;. For the m
mobile vehicle systems, adjacency matrix A = [a;;] is given to characterize edge set £ with
a;ji = a;; > 0 and a;; = 0 since individual vehicle doesn’t need communication to receive its
own states. Laplacian matrix £ = [Lj;] of the graph G with adjacency matrix A is defined
as

—aj;, if i € Nj and i # j
0, if i ¢ N and i # j
> oay, ifj=i
I#5,leN;
The time-varying reference signal is defined by a sinsudal trajectory

Lji -

Lt'o = Vg COS ‘90
Yo = vpsinby
90 = Wo (85)

where the subscript 0 means the reference signal is regarded as a virtual vehicle agent,
the desired formation of multivehicle systems is denoted by P with a group of orthogonal
coordinates p; = (pjz, pjy) for (1 < j < m), p; satisfy 372, pj. = 0 and X7, pj, = 0.
Po = (Pow» Poy) for the virtual leader is supposed to be (0, 0).

Distributed formation tracking control is defined as designing control laws V,; = [v;, w;]
for system j by using its own state information and its neighbors’ state information such

that
t=oo | Y — Yy Piy — Pjy
tlgglo ;E—fo :O’tlgglo ;E—yo =0 (8.8)

for 1 <i#j<m.

It is known that Eqn. (8.6) guarantees vehicles keep formation P during the motion.
Eqn. (8.7) vehicles reach the consensus orientation. Eqn. (8.8) ensures the centriod of
multivehicle system converges to the virtual leader.

Define the states transformation equations as

qij = 0;

q2; = (z; — pjz) cosb; + (y; — pjy) sinb;

3j = (xj — pjz) sinb; — (y; — pjy) cos b; (8.9)
15 = Wj

V25 = Uj — V1543;
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Then the transformed state space is

qu = Uiy (810)
ij = Ugj (811)
d3j = V1542 (8.12)
The virtual leader in (8.5) is also transformed to the chained-form system in (8.10)-(8.12)

by (8.9) as

gio = V1o
G20 = U
gs0 = U10g20

Lemma 8.1. If hmt—)oo(QIj —qi0) =0, hmt—>oo(Q2j —q20) =0, and limt—>oo(Q3j —q30) = 0 for
1 <j<m, then (8.6)-(8.8) hold.

Proof: by qi; = 6; in (8.9), (8.7) holds, by definitions of ¢;; and ¢s; in (8.9) it follows

that
Tj — Pjz | cOs 9]‘ sin 9]‘ q2;j
Yi — Dy sinf; —cosb, q3;
therefore,
lim | T Pie | — iy | €O 0; sin6; Q2;
t—oo | Yj — Pjy t—oo [ SIN Hj — COS Qj q3;j
_ | cosfy sinby G20
| sinfy —cosb, 730
_ | o~ Poz
Yo — Poy
limy ooz — Pjz — To,Yj — Pjy — Yo| = [0, 0], then (8.6)-(8.8) hold. [
Define q.; = [q15,q2j,¢3j], by Lemma 8.1, the control problem can be transformed to
designing control laws v,; = vy;, v2; such that

with the its own states information and that from its neighbors.
Notice

Vij = Bju. (8.14)

Wherij:[ 1 O].

23j 1
Substitute V,; in (8.14) into (8.4), we have

M;(qe)0si + Cj(aujs Guj)vss + Gi(aej) = Bjlau)7; (8.15)
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where

~

M;i(qyg) = B M;(q.5)B;

Ci(ujrdsj) = B} Mi(q)B; + B] Cj(4s5,6:5)B;
Bj(q.;) = B] Bj(q.)

Eqn. (8.15) has the following properties

Property 1: Matrix M = 2C'j is skew-symmetric.
Property 2: For any differentiable vector v € R3, we have

M;(quj)0uj + Cj(Gujy Guj) Vs + G(Gsj) = Yi(Qujy Gujy Vs Vi)

where a; is an inertia parameter vector of mass and moment of inertia, }A/'j(q*j, Gijs Vsjy Usj) 18
a known function of ¢;, ¢;, vs; and v,;. a; is supposed to be unknown.

by (8.15) it is known 7; are the real control inputs, we first propose a control law of v,
for (8.10), then we design control laws of 7; with the knowledge of backstepping method.

8.3 Main Results

Before designing distributed formation tracking control of multivehicle systems, we introduce
a theorem of exponential stability of cascaded system, consider the cascaded system

o = fi(t,x1) +g(t, v1, m2)20
Ty = fot, x2) (8.16)

where z; € R", 5 € R",fi(t,x1) is continuously differentiable in (¢, 1), g(t,x1,z2) and
fa(t, x9) are locally Lipschitz in (x1,z5) and xs.

Theorem 8.1. (8.16) is globally exponential stable if it satisfies the following three assump-
tions [184][135].

Assumption 8.1. @1 = fi(t, x1) is globally exponential stable and there exists a continuously
differentiable function V(t,z1) : Ry X R™ which satisfies
killza || < VIt 21) < Kol ][
ov. oV

N + 8—x1f1(t’x1) < —kal ||

where ki, ko, k3 and o are positive numbers.

Assumption 8.2. the interconnection function g(t,x1,xs) satisfies for all to > 0

g (t, 1, 22)[| < O2(||2]]) + G2(]2]]) 21

where 01 and 0y are continuous functions.
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Assumption 8.3. iy = f3(t, x3) is globally exponentially stable and for all to > 0, it follows

that .
/to || f2(to, t, 22 (to))|| < K(||z2(t0)]])

where k is a class IC function.

Consider a linear time-varying system

0o --- 0 r ]
o(t) 0 0 0

i=] 0 Olz+|:|u (8.17)
0 : : 0 :
0 it 9(t) 0] L 0]

where ¢(t) is a bounded continuously differentiable Lipschitz function.
Lemma 8.2. The control algorithm
u = —koxy — k3p(t)xe — kyxz — ksd(t)xy — ... (8.18)
ensures system (8.17) is globally exponentially stable if k; are such that
N kA + L+,

is Hurwitz [134].

8.4 Distributed Controller for Kinematic Systems

The following assumption is made on the leader agent.

Assumption 8.4. The ddzz;‘o (0 <i <2) are bounded and [\ v%,(7)dr > a for some a > 0
and T > 0.

Assumption 8.4 means signal v, is persistently excited signal (PE signal).

Theorem 8.2. For m systems in (8.10)-(8.12), if a directed spanning tree exists in the
directed communication graph with the virtual leader the root of the tree, then the distributed
control laws

vy = w1y = — > a;i(qy — qui) — ajme1(qr; — qo) + 01 (8.19)
ieN;
51j = - Z Cljz‘(51j — 014) — aj,m+1(51j — d10)
ieN;
—pisign] Y a;i(01j = 01i) = @jmr1 (9 — d1o)] (8.20)
ieN;

for 1 <3 <m, d19 = wio, guarantee that q,; globally exponentially converge to qio.
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Proof: Define Slj = 01 — 010, (8.20) can be written as

glj = — Z CLJZ(SL] — 511) - aj,m—l—lglj
ieN;

—pisign Z aji(glj - gu) - aj,m-‘,—lglj — 010 (8.21)
ieN;

Define 1, = [d1, 025, ..., O], with the aid of Laplacian matrix (8.21) can be written as

where £ is Laplacian matrix of the communication diagraph, B = diag(a1 m+1, @2m+15 -+ Gmm+1)
is the diagonal matrix representing communication with the virtual leader, from the charac-
teristics of £ it is known the directed spanning tree guarantees £ + B is positive symmetric
with eigenvalues in the right half of the complex plane [136]. Choose Lyapunov function
V= %51* where 01, = [011, ..., O1m), and differentiate it along (8.22), it follows that

Vi = —1.(L+ B)o. — oL, prsign [(E + B)gl*} — 670101
= —0L (L + B)by, — 0T, pysign [(E + B)Sl*}
—((L+ B)ow)" (L + B) o301
Let o be the minimum eigenvalue of (£ + B)™!, then
V< =0L(L+ B — op@Tsign [(£L + B)or] — (L + B) ol
where ® = ((£ + B)dy,). It can be proved if p; satisfies

(£ + B)ll1dw ]

g

Pl>‘

then Vi < —6Z (L + B)dys, let 4 be the smallest eigenvalue of £ + B, we have

Vi < —3T(L+ B)b, < —62 = % x Vi

Vi < 291

which means V] is globally exponentially stable then §; globally exponentially converge to
510.
Substitute vy; in (8.19) into (8.10) we have

Gij = — Y aji(qr; — qui) — Gima1(q1j — Gro) + 01 (8.23)
ieN;

define ¢1; = q1; — quo, (8.23) can be written as

513' = - Z aji(q1; — G1i) — @jm1G1; + Slj (8.24)
ieN;

110



similarly like (8.22), (8.24) can be written as

since d; is globally exponentially stable, it can be proved ¢;; globally exponentially converge
to qio. |

Theorem 8.3. For m systems in (8.10)-(8.12), if a directed spanning tree exists in the
directed communication graph with the virtual leader the root of the tree, then the distributed
control laws

Ugj = Ugj = —/{J2q2j - ]fguqu?,j + 52j (826)
0oy = — Z ji(02j — 02i) — @jm41(d2j — 020)
ieN;
—posign | D a;i(0a; — 02;) — @jmi1(d2; — O20) (8.27)
ieN;

for1 < j <m, 099 = ugp+ kagao + ksuiogso, guarantee that ga; globally exponentially converge
to g0 and qz; globally exponentially converge to gsp.

Proof: substitute vy; in (8.26) into (8.11), it follows that
G2j = —kaGoj — k3uy;qzj + Ooj (8.28)
Define C*j = [glju ggj] as

C1j = Z aji((Dj - Q2i> - aj,m+1(Q2j - Q20)
ieN;
Coj = > a;iqs; — 43i) — @jmr1(q35 — G30)
ieN;
differentiate (,; along (8.28) and (8.12) we have
Cy = > ajil(—kagoj — ksurjgs; + 02;) — (—kagai — ksuiiqsi + 62;)]
ieN;
—jmi1[(—koqej — ksu1jqs; + 025) — (—kaqoo — ksui0gs0 + 920)]
= _k2<1j - k3U10C2j + Z aji(52j - 52i) - aj,m+1(52j - 520)

ieN;
—k3[ Z aji((ulj - Ulo)%j - (uu - U10)Q3i) - @j,m+1(u1j - UlO)Q3j] (8-29)
ieN;
4-2]' = Z aji(ule2j - Ulz’%’) - aj,m+1(U1jCI2j - UlOCI2o)
ieN;
= U10C1j + [Z aji((ulj - Ulo)Q2j - (uli - ulO)Q%) - aj,m+1(U1j - UlO)sz] (8-30)

ieN;
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define 52j = 0gj — 090, U1; = U1; — U1, then (8.29) and (8.30) can be written as

éu = —koC1j — k3ui0Qa; + Z aji(52j - 522) — aj,m+1(§2j
ieN;
—ks[ > aji(tjqs; — U1jqsi) — ajmr1Tnjqs;) (8.31)
ieN;
Goj = w0l + [ D ailfnqe; — Tryqei) — Ajm+171;G2] (8.32)
ieN;

notice 52]- and 51]‘ have the same structure, by (8.21) we have

52j = — Z a]z(52j - 527,) - aj,m+lg2j
ieN;

— posign [Z a,ji(SQj — 521) — a/j7m+152j)] — by (8.33)
ieN;
Define
z1 = [[C11, Cal, [Cras Caals ooy [Cam, sz]]T
s = [[d21, G11, 011, ey [O2ms Gy Orm]] "
by (8.31) and (8.32) we have

—ko  —ksuio
= ta1) = [fu, ..
h; [ U1 0 it wn) = [fias e fim]
Zie/\/j aji(52j - 522) - aj,m+1(§2j
—ks [Zie/\/j a;i(T1;935 — U193;) — @jm+1U15434]
EiENj aji(Ujqaj — U1jq2i) — Qjm+1U15G2;

95 =

g(t>$17$2)z2 = [glag2a >gm]
by (8.33), (8.24) and (8.21) we have

- Zie/\/j aji(52j - 521')~— Clj,m+152j~
—pasign {Zz’e/\/j Cljz'(52j - 521’) - a'j,m+152j)}
—520 B
fop = | = Zien; @i(Q1j = Qi) = @m41Ga; + 0y
- Zz'e/\fj aji((sle_ 51i)~_ Clj,m+151j~
—p1sign [Zie/\/j a;i(01; — 0ni) — a'j,m-l—l(slj)}
—010

fa(t, x2) = [for, fo2: s fom]
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Consider (8.17), the closed-loop states equation by substituting w in (8.18) is

[ —ky —ksd(t) —ky -0 0]
¢(t) 0 N ()
=] 0 : N (8.34)
0 : : 0
L 0 : Poo(t) 0]

notice the second order matrix fi; is special case of (8.34), since uy¢ is continuous PE signal,
then by Lemma 8.2, &1 = fi(t,x1) is globally exponentially stable, then the Assumption
1 in Theorem 8.1 holds, g; can be proved to satisfy Assumption 2 in Theorem 8.1 and
from the expression of fs; it can be proved &3 = fo(t, 22) is globally exponentially stable and
Assumption 3 holds, therefore, z1 = [[C11, (a1], [C12, (22], -+ [Cim, Com]] is globally exponentially
stable. From the definition of ¢;; and (y;,

Gy = Z aji(q2j — G2i) — @jm+1(q2j — G20)
iEN;
= Y a;i(Gej — G2i) — Ajme1Ge
i€N;

Cis = (£+B)52*

since (1, is globally exponentially stable, then Go. = (£ + B)~!(y, is exponentially stable and
¢2; globally exponentially converge to gqo, similarly, we can prove gs; globally exponentially
converge to gsg. |

Theorem 8.4. For m systems in (8.10)-(8.12), if a directed spanning tree exists in the
directed communication graph with the virtual leader the root of the tree, then the distributed
control laws (8.19)-(8.20) and (8.26)-(8.27) guarantee (8.6)-(8.8) hold.

Proof: By Theorem 8.2 ¢y, globally exponentially converge to gip. By Theorem 8.3 gy;
globally exponentially converge to g, g3; globally exponentially converge to gsp. By Lemma
8.1 (8.6)-(8.8) hold. [

8.5 Distributed controller for dynamics

In previous section, distributed formation tracking laws are proposed for vehicles’ kinematics,
however, from the dynamics in (8.15) it is known the real control inputs are torques generated
by vehicle engines, in this section, distributed control algorithms are proposed with the aid
of backstepping methods and sliding mode control.

Define 0,; = vy; — wyj, where vy = [v15, Va;], Usj = [U1j, Ug;]|, we have

Theorem 8.5. For m systems in (8.10)-(8.12), if a directed spanning tree exists in the
directed communication graph with the virtual leader the root of the tree, then the distributed
control laws

7']' = BJ_I(MJU*] + C'ju*j + éj — ]{5'17*] — Yjﬂmgn(YjT@*j)) (835)
where k satisfies ||a — al| < k, and (8.19)-(8.20),(8.26)-(8.27) guarantee (8.6)-(8.8) hold.
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Proof.; Denote the inertia parameter error vector @ = a — a, choose Lyapunov function
Vy = %@@Mjb*j, differentiate V4 it follows that
V = %@Ijz\mﬂ- + 0% Mg (8.36)
substitute (8.35) into (8.15) we have
M.+ Cyuag + Gy = Myt + Ciuyy + G — kg — Y;Bsign(Y, 0,;)
M (bay = tag) + C(va — ) = —kibuy + Vi + Yy Bsign(V] 0.;)
M;b,; = —Cjin; — ki + Y;a + Y;Bsign(Y] v.)) (8.37)
substitute M;d,; into (8.36) it follows that
1

1.7 > AN~ T T : §

= ivfj(]\/[j — C)0yj — 05k, + 0L Y 0 — 0L Y Bsign(Y] 0.;)
1 4 = AN - T -

S §U>Z;(MJ - Cj)U*j — ’UZ;»]{?U*]'

since M; — C;) is skew-symmetric, Vy < —0L ki, let A, be the maximum eigenvalue of
Mj then Vs < —%Vg, then 0,; are exponentially stable and v,; — u,; globally exponentially

converge to zero.
(8.19) and (8.26) are rewritten as

U1 = — Z aji(Qlj - C_Iu) - aj,m+1(Q1j - Qm)
ieN;
Vo = —koqa; — ksu1qs; + 025 + Uoj (8.39)

Cj = [C1j, C2j] are the same as defined in Section 8.3, it follows that

Cij = —kaCij — kata i1 o
+ Y ai(025 — 02i) — @110y
ieN;
+ Z aji(Ugj — Ug;) — @j i1l
1EN;
—ks| Z aji(T1qs; — W1jq3i) — @jmy1U1;434] (8.40)
€N
élj == > @i(qy — Qui) — Qjmi1ej + Oy + U, (8.41)
ieN;
Coj, 015 and by are unchanged as expressed in (8.32), (8.21) and (8.33).

ZieNj aji(52j — 0g;) — @jm+102;
Yien; @ji(liaj — U2i) — Qjmi1liz;
—k3[Xien, @ji(lnqs; — Wqsi) — @jmy1U143;]
Zie/\/j Cljz‘(ﬂlj%j - ﬂlj(l%) — Ajmt1U1G2;

95 =
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g(t,x1,22)x2 = [g1, 92, -, Gm)
- Zie/\/j aji(52j - 521) - aj,m+152j
—p2sign {Zie/\/j aji((§2j - 521) - aj,m+lg2j)}
—bag
foj = | — Xien; aji(q1j — @z) — Gjmy1G1y + 5:13' + Uy
- Zie/\/j aji(51j~_ 51i)~_ Olj,m+151j~
—p1sign {Zie/\/j aji((Sl? — 013) — aj,m+151j)}
—010

f1; are the same as that in Section 8.3, it can be proved that the modified cascaded system

1 = filt,x) + g(t, x1, 2)xs

Ty = fot, x9)

still satisfies the Assumptions in Theorem 8.1 and q.; = [q1}, ¢2;, ¢3;] exponentially converge
t0 g0 = [q10, @20, @30}, by Lemma 8.1, (8.6)-(8.8) hold. [

8.6 distributed controller for time-varying communi-
cation topology

In real-life operations, due to disconnection or creation of links and nodes failures, the
communication topology is time-varying, it has been proved through a infinite sequence of
nonoverlapping, uniformly bounded time interval, if the union of the graphs across each
interval has a directed spanning tree, then multi-agent systems reach consensus with the aid
of theories of SIA matrices [34].

Theorem 8.6. Form systems in (8.10)-(8.12), if at any nonoverlapping, uniformly bounded
time interval, a directed spanning tree exists for union of the graphs across the interval, with
the wvirtual leader the root of the spanning tree, then the distributed control laws (8.19)-
(8.20),(8.26)-(8.27) and (8.35) guarantee (8.6)-(8.8) hold.

8.7 Simulation Results

To show the effectiveness of the proposed results, simulation has been done for four robots.
The desired geometric pattern P is shown in Fig. 8.1 | assume the format of the robot
systems is in square shape. The pattern P can be described by orthogonal coordinates
(plxaply) = (0,1), (p2:c>p2y) = (—1,0), (p3xap3y) = (0,—1) and (p4:c>p4y) = (1,0). For the
leading agent, assume the reference trajectory is (s, ys,05) = (10sin(¢), —10cos(t), t) and
(P52, Psy) = (0,0), v5 = 10 and ws = 1.

Fig. 8.2 represents the communication graph for the multivehicle systems, pi, pa, ks
and ks are assigned 2, k£ in dynamic control laws is 10. Fig. 8.4 shows the centroid of z;
(1 <j<4) (e, Xj_;;/4) and xo. Fig. 8.5 shows the centroid of y; (1 < j < 4) (ie.,
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Y11 y;/4) and yo. Fig. 8.6 shows (0;—0) (1 < j < 4). Fig. 8.7 shows the formation tracking
of the 4 followers, the blue spots represent each follower robot, the black spot represent the
trajectory of centroid of the robots.

Assume the information communication graph switches according to the following logic.

G — G in Fig. 8.2, if ¢t —round(t) >0
| Gin Fig. 8.3, ift—round(t) <0

For the switching topologies defined above, Fig. 8.8 shows the centroid of z; (1 < i < 4)

and xy. Fig. 8.9 shows the centroid of y; (1 < j < 4) and yy. Fig. 8.10 shows (0; — 6p)
(1 <j<4). Fig. 8.11 shows the formation tracking of the 4 followers.
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Chapter 9

Distributed Exponentially Tracking
Control of Multiple Wheeled Mobile
Robots

9.1 Introduction

The coordination of multi-agent systems has been studied intensively in recent years be-
cause of its wide use in large object moving, cooperative target pursuit, rescue mission,
etc. The configurations of multi-agent systems determine it can perform with less time and
achieve higher accuracy in mapping [137,138]. For multi-agent systems, a leader/follower
architecture is usually defined with the follower agents following the trajectory of the leader
agent [139-141]. Different control schemes have been proposed to reach the consensus. Co-
operative control schemes have received considerable attention due to the development of
network consensus theory. It removes the unstableness of communication networks with
centralized controlling leader agent, which can be disturbed with connection breakage, with
more connections requiring more network bandwidth capacities. Distributed control schemes
can reduce the cost of broadband connection by offering connection with the leader agent
to only a small part of follower systems. In [142-144], consensus algorithms are proposed
for linearized systems with the aids of graph theory, where each agent is considered a vertex
in the communication graph, the communication pattern is characterized with a Laplacian
matrix, and the consensus goal is achieved with the aid of the characteristics of communi-
cation graph. In [142], the authors consider directed communication networks with fixed
and switching topologies and also undirected networks. Consensus protocols are proposed.
In [145], distributed flocking algorithms are proposed for free-space and obstacle avoidance
cases. In [146], the authors consider a weaker condition of spanning tree structure. In [147],
the Vicsek model is studied and convergence results are derived. In [148], a distributed
control strategy for connectivity preserving swarm aggregation with collision avoidance is
presented. In [149], a feedback control strategy is proposed for convergence of a multi-agent
system to a desired formation configuration. The cases of agents with single integrator and
nonholonomic unicycle-type kinematics are both studied. Formation infeasibility is consid-
ered and related with the flocking behavior by proving the convergence of velocity values. In
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[150], the authors consider consensus algorithms for double-integrator dynamics for bounded
control inputs with connected communication graph and other cases. States consensus is
proved under different communication patterns. In [151], the consensus problem of a group
of autonomous agents with an active leader is studied. A distributed feedback law along with
a distributed state-estimation rule is proposed for each continuous-time dynamical agent.
The Lyapunov-based convergence analysis is given for the multi-agent system considered
with a varying interconnection topology.

In realities, the state information of the leader agent is not available to all the follower
systems, especially when the networks are very large. In [152], the Lyapunov techniques are
combined with the graph theory and distributed control laws are proposed for convergence
of a desired pattern. In [153], the authors analyze consensus algorithms with a time-varying
reference state by using theoretical graph tools. The information flow in [153] is not what
is usually considered from the leader to the followers and thus increase the robustness of
the whole systems. In [154], an adaptive controller design method is proposed such that
each agent reconstructs the reference velocity and recovers the desired formation. For the
time-varying reference velocity case, a controller redesign is presented and the parameter
convergence is guaranteed. In [155], decentralized cooperative controllers are proposed with
backstepping techniques. In [156], the distributed formation control problem for multiple
nonholonomic robots is considered and consensus algorithms are proposed with the aid of
graph and Lyapunov theories.

In this chapter, we consider multiple wheeled mobile robots with nonholonomic con-
straints and analyze the distributed control schemes such that the robots converge to the
desired formation whose centroid moves along the trajectory of a leader robot. In order to
propose distributed controllers, first a variable transformation is introduced to change state
models into chained systems. Then we propose a new state model and design the control
laws for the new states in order to reach the control goals. In this paper, the dynamic models
of wheel robots is taken into consideration. We directly design control laws for the torques
imposed on wheels in reality instead of the velocities of robots. The simulation results show
the effectiveness of our distributed cooperative control strategies for the dynamics models of
leader-follower systems.

9.2 Problem Statement

Considering m simplified car-like robots with three states. We can define the m robot systems
with dynamical models by Lagrange-D’Alembert principle

M;(qe)dej + Cj(ujs Guj) g + Gi(ag) = Bjlae) i + T (g2 N (9.1)

J(45)d5 =0 (9.2)
where ¢.; = [q1/, @2j, a35] " = [z,;,0;]" are the states of system j, M;(q.;) is a 3 x 3 positive-
definite symmetric matrix, C;(q.;, ¢«j)ds; represents centripetal and Coriolis force, G;(¢.;)
is the gravitational force, B;(g.;) is a 3 x 2 input transformation matrix, .J(g.;) is the two-
dimensional control inputs vector, A; is the constraint force imposed on system j. By (9.2),
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¢+j can be defined as

cosf; 0 v,
Gj = g(qsj)Vig = | sinb; 0 [ w]_ 1 (9.3)
0 1 J

Eqn. (9.1) has the following two properties for the dynamic models.
Property 1: Matrix M; — 2C} is skew-symmetric.
Property 2: For any differentiable vector 6 € R3, we have

M;(q4;)6 + Ci(quj, G4j)0 + Gi(as5) = Yi(quj, 6sj, 0,0)a;

where a; is an inertia parameter vector which is related with the mass and moment of inertia,
Y;(qsj, Gsj, O, 5) is a known function of g.;, ¢.;, 0 and 5. a; is supposed to be unknown.

Suppose each robot can acquire state information from some of the other systems. This
information communication can be defined in a communication digraph G = (V,€) where
V is the set of nodes for the directed graph with V = {v,vs,...,v,,} and £ is the subset of
VY x V. For system i and j, e;; = (v;, v;) belongs to & if the state information of system ¢ can
be received by j and i is called a neighbor of robot j. N represents the sets of all neighbors
of robot j. In this paper, we assume that the communication graph is directed.

For the m robot systems, the communication graph is G = (V, ). It is given an m x m
constant matrix A = [a;;| with aj; = a;; > 0, the Laplacian matrix £ = [Lj;] of the graph G
with weight matrix A can be defined by

—aji, if i € N and i # j
0, if i ¢ N; and i # j

> oay, ifj=i

1#4,1EN;

Lji -

P is defined as formation of the m robots, this geometric pattern can be described by a group
of orthogonal coordinates (pj., pjy) (1 < j < m) which satisfy Y72 pj. = 0 and X7 pj,, = 0.
The trajectory of the leader agent is described by gy = (o, yo, o) which satisfies

jf(] — Vg COS ‘90, yo = 1o sin ‘90, é(] = Wy (94)

where vy and wy are known functions and state qq is assumed to be available to only one
robot in this paper. The control problem can be described as designing control laws v; and
w; for system j using its own state information and its neighbors’ state information such
that

I e e el 95)

t=oo | Y — Y Piy — Pjy
lim zm:ﬁ—a: =0, lim zm:%—y =0 (9.7)
t—o00 i1 m 0 T t5500 =1 m 0 ’

for 1 <i#£ 35 <m.
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In the control problem, Eqn. (9.5) guarantees all the agents converge to the formation
P. Eqn. (9.6) ensures that the orientation of each robot converges to the orientation of the
leader robot. Eqn. (9.7) means that the centriod of the group of robots converges to the
trajectory of the leader robot.

Define the change of variables

215 =0;

29 = (xj — pjz) cos 0; + (y; — pjy) sinb;

z3j = (v — pje) sinb; — (y; — pjy) cosb; (9.8)
V1j = Wj

U2j = Uj — V15235
Then the transformed state space is
Z1j = V14, Foj = Ugj, Zaj = U129 (9.9)
The leader agent in (9.4) can also be transformed to the model above by (9.8) as
210 = V10, 220 = V20, 230 = V1220

Lemma 9.1. If limt_,oo(zlj - 210) = 0, limt_,oo(zgj - ZQ(]) = 0, and limt_,oo(z;),j - 230) =0 fOT’
1 <j<m, then (9.5)-(9.7) hold.

The proof is omitted due to limitation of space.
By Lemma 9.1, the control problem is to design control laws v;; and vy; such that

tli)rgo(z*j - Z*O) =0 (910)
where z,; = [z15, 225, 23;] and z,0 = [210, 220, 230], With the its own and neighbors’ state

information.
In order to remove the constraint component J ' (q.;)\; and transform the states in (9.1)
into v,; = [v1, Vg;], similar transform is implemented as in [157], it follows that

M;(q5)0sj + Cj(qej, Guj)vss + Gi(aey) = Bjlau)75 (9.11)

Notice 7; are the real control inputs, we first propose a control law of v,; for (9.9), then we
design control laws of 7; with the knowledge of backstepping method.

9.3 Distributed Controller Design

The following assumption is made on the leader agent.

Assumption 9.1. The d;% (0 < i <2) are bounded and [/ v?,(7)dr > a for some a > 0
and T > 0.

Assumption 9.1 means that signal vy is persistently excited signal (PE signal). For a
PE signal, we have the following result.
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Lemma 9.2. For the system
= —1 ()25 + Yy (2) (9.12)

)
where ¥1(t) is a PE signal, if 1o(t) is bounded and converges to zero, then § converges to
zero.

In order to design the controllers, variable transformation is introduced as

S*j = Z*j — O'*j (913)
where % means 1 to 3., 01; = 03; = 0, 09; = —k3vy;S35, and k3 > 0. Then Eqn. (9.9) can be
transformed into

15, = Vi (9.14)
S9; = gy + k3015835 + $35015) (9.15)
S35 = —ksvfjszaj + v1,;S25- (9.16)

Then we can have the following lemma.

Lemma 9.3. For the transformed systems in (9.14)-(9.16) if

tli}r&(s,-j — 80) = O,tlgg(vlj —v10) =0 (9.17)

for 1 <1 <3, then (9.10) hold. The proof is omitted here due to space limits.
Lemma 9.4. For the m systems in (9.14)-(9.16), under Assumption 1, if

tli)r&(SQj - 820) = 0, tliglo(vlj — ’Ulo) =0 (918)
then
tli)lglo(b“gj - 830) =0 (919)

Proof: Let 835 = s3; — s30, then
o 2 2 2
S3j = —kavi;s3; + k3(vig — v1;)880 + V1582 — V1020 (9-20)

Since limy_,o(v1; — v19) = 0, vy; is a bounded PE signal. Since limy;_,oo(S2; — s20) = 0,
V1;82; — V10520 converges to zero. By Lemma 9.2, (9.19) holds. [ |

By Lemma 9.4, if we design control laws to make lim; o (s1; — $10) = 0, limy o (v1; —
v1p) = 0, and limy_, o (s9; — S20) = 0, then (9.10) holds.

Lemma 9.5. For the m systems in (9.14)-(9.16), if the communication graph is connected
and the state of the leader is available to one of the m follower systems, the control laws

U1j = 15 = —Q18y; + Cu (9.21)
Gj=— Z/\; aji(Cij — Cii) — bjpg(Crj — Cro) —
p1 sign % a;i(Cij — i) + bip;(Ciy — Cro) (9.22)
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for 1 < j <m guarantee that lim;_,o(s1; — S10) = 0 and lim;_,o(v1; — v19) = 0, where

| 1, if leader agent state is avaible to system j
Hi = 0, otherwise

a; >0, b; >0, Cio = vio + 1510, and py is a sufficiently large constant.

Proof: Eqn. (9.22) can be redefined with the knowledge of Laplacian matrix as

Cre = =L — p18ign(LEw + B(Cre — 1¢10)) — B(Ce — 1¢i0) (9:23)

where (1. = [Ci1,. .+, Cim] | and B = diag[bypi1, .. ., byfim]. Let flj = (1 — Ci0, then Eqn.
(9.23) can be transformed into

(o = —(L+ B){1. — py sign((£ + B)1.) — Cuol. (9.24)
where (1, = [C11, . . ., Cim] . We choose Lypapunov function F = >ty %Q?j, and differentiate

F along (9.24), then we have
F= _51—;(5 + B)élf - Gripl sign((£ + B)glj) - 51—;4101
= —CL(L+ B)Ci = (i sign((£ + B)C1)
~((L+B)G) " (L+B)") ol
Let & be minimum eigenvalue of ((£+ B)")~!, then
F <=L+ B). =& (£ +~B)§1*)Tsign((£ + B)&l*)
—((L+ B)G) " ((L+B)") ol

Since £ + B is symmetric and positive definite, if

1L+ B) ")~ ¢l
&1 ’

it can be verified F' < —ElT*(ﬁ + B)fl*. Therefore, lim; flj = 0 which means that (;;
converges to (io. Let V) = %ﬁ% where §1; = s1; — 510, differentiate V; along (9.14), we have

P>

Vl = —a1§%j + §1j§1j < =204 Vi + ‘le‘ V 2V

Define Vo = /V;, then Vo < —a Vo + %|§1J| It can be proved that lim; .. (s1; — s10) = 0.
By (9.21),

tli)rglo(vlj —vy) = tliglo(_alslj + C1j — vi0)
= lim (—oys1j + vi0 + 1510 — V10)
t—00

= —}i}r& Oél(Slj — 810) = 0.
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Lemma 9.6. For the m systems in (9.14)-(9.16), if the communication graph is connected
and the state of the leader is available to one of the m follower systems, control inputs

U = o5 = — ), iz — S21) — bjfe(s2; — s20) —
ieN;
P2 sign Z aj,-(SQj — 821') + bj,uj(SQj — 820) (925)
ieN;

—kg(@1j83j + 53]"111]')
for 1 < j <'m guarantee that lim,_,o.(s2; — s20) = 0, where py is a sufficiently large constant.

Proof:  Substitute vy; into (9.15)

52* = —,CSQ* — B(Sg* — 5201) — P2 Sign(£82* + B(Sg* — 820)1) (926)
where so, = [So1, ..., 89m| " Let 8o, = 52, — So01, then Eqn. (9.26) can be transformed into

Choose Lypapunov function £ = %Zgﬁzl §§j, differentiate £ along (9.27), we have

E = —3) (L + B)3y, — 5J.p sign((L£ + B)33,) — 55,1599
= —83.(L + B)3s. — 55,p3 sign((L + B)3a.)
—((L+ B)33.) (L4 B)") syl

Let & be minimum eigenvalue of ((£+ B)")™1, if

> I(£+ B) ")~ [[$20|
- 51 Y

E < —3).(L+ B)3,,

It can be proved that E converges to zero. Therefore, sy; converges sg. [ |

In Lemmas 5-6 we have proved that lim, ,o.(21; — 210) = 0, limy_,oo(22; — 290) = 0, and
limy o (v1; — v19) = 0. With the aid of Lemma 4, lim; ,o(23; — 230) = 0. By Lemma 3,
(9.10) holds. Next the control laws for real input 7, are proposed with the knowledge of
Uyj = [V15, Vg;] designed in (9.21) and (9.25). Define

Uuj = (015, U2j] = [ — G155 V25 — 25 5
we have the following results.

Lemma 9.7. For m systems in (9.11), under Assumption 1, if the communication graph is
connected and the state of the leader agent is available to one of the m follower systems, the
control laws for 7;

A

7j = B (=Kl + Y (Sujs Sy Zujs 24j)05) (9.28)
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and the update laws for a;
a; = =Y} (g Gegs s Su5) 0 (9.29)

for 1 < j <m guarantee that lim, ,o.(s;j — si0) =0 for 1 <i <2 and1 < j<m and a; is
bounded.

Proof: Substitute 7; in (9.28) into (9.11), we have
M;(uj)0nj + Cj(Gus Guj)0sj + G3(eg) = =Ky + V(G Guj Su» $og) 5

The equation above can be simplified as

Mi.; 4 Ciony = — Kb, + Y;d; (9.30)
where a; = a; — a;. Let the Lyapunov function V, = T)*Tijf)*j + EL]T\IIJ-_ldj, differentiate V,
with the aid of Property 1 and (9.30), we have

V, = 8L Mb,; + 200 Myb.,; + 24, U;'a;
—20,K;,; <0

Therefore, V, is bounded, which means that v,; and a; are bounded. Furthermore, it can be
proved that 7,; converges to zero.
For the systems in (9.14)-(9.16), v1; = <1; + 01; and vg; = <y; + Ua;. Next, we prove that
limy oo (s1; — S10) = 0 and limg o (S2; — S20) = 0. (9.14) can be transformed into
glj = —Oélglj + 51]- + 171]'. (931)

Define V3 = 57, and differentiate it along (9.31), we have
Vs = —aid + (Gy + )5y
< =20, Vs + |Gy + D1y /2Va
Define V; = /V3, then

Vi< —a Vi + + 015

1 -
\/§|C1j
Since (3; and 7;; converge to zero, it can be proved that Vj converges to zero. Therefore,
limy (515 — S10) = 0. (9.15) can be transformed into

where o, = [So1, .. ., §2m]T. Choose a nonnegative function Ey = i %53] and differentiate

it along (9.32), we have

Ey = —55,(L+ B)S. — 535,02 sign((L + B)3y.) — 53, (5201 — )

It can be proved that Es converges to zero. Therefore, 55; converges to zero and sy; converges
to S$90- |
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Theorem 9.1. For the m robot systems (1 < j < m), if the communication graph is
connected and the state of the leader agent is available to one of the m follower systems, the
control laws in (9.28)-(9.29) guarantee that (9.5)-(9.7) holds under Assumption 1.

Proof: By Lemma 5-7 we can prove that lim_,(S1; — S10) = 0, limy_,o(v1; — v19) =
0 and lim;_,o(s9; — s20) = 0. By Lemma 4, limy ,(S3; — S30) = 0 holds, which means
limy o0 (Si; — 8i0) = 0 and limy_,(v1; — v10) = 0. By Lemma 3 (9.10) holds. Finally we can
prove (9.5)-(9.7) hold by Lemma 1. |

In literature, similar problems have been considered in [152, 158]. However, in [158] the
dynamic model is not considered and in [152] the dynamic system is considered without the
nonholonomic constraints. In this paper, we considered the distributed tracking problem
for uncertain mechanical systems with nonholonomic constraints and proposed distributed
control laws with fast convergence rate.

9.4 Cooperative Control Laws for Time-varying Com-
munication Graph

In the previous section, the communication graph is assumed to be fixed, in reality due to
node and link disconnections and creations, the communication graph is time-varying or
switching.

Theorem 9.2. For the m robot systems defined in the previous section, under Assumption
1, if the communication graph G is time-varying and connected at any finite time interval
and the state of the leader agent is available to one of the m follower systems, the control
laws (9.28)-(9.29) guarantee that (9.5)-(9.7) holds.

9.5 simulation

To show the effectiveness of the proposed results, simulation has been done for four robots.
The desired geometric pattern P is shown in Fig. 9.2, assume the format of the robot
systems is in square shape. The pattern P can be described by orthogonal coordinates
(P1z, P1y) = (0,0.5), (paz, P2y) = (—0.5,0), (p3s, p3y) = (0, —0.5) and (p4s, pay) = (0.5,0). For
the leading agent, assume the reference trajectory is (xg, yo,0o) = (5sin(t), —5 cos(t), t) and
(Pos, Poy) = (0,0), by (9.4) vy =5 and wy = 1.

Fig. 9.3 represents the communication graph, The cooperative controllers can be obtained
by Lemma 5-6. We choose the control parameters a;; = 2, k3 = 2, by = 2, p; = 2, and py = 2.
Fig. 9.5 shows the centroid of z; (1 < j < 4) (Le., 3j_; z;/4) and zo. Fig. 9.6 shows the
centroid of y; (1 <j <4) (ie., X5_, y;/4) and yo. Fig. 9.7 shows (6; — 6,) (1 < j < 4).

If the information communication graph is time-varying, the control laws in Lemma 5-
6 also solve the defined control problem. Assume the information communication graph
switches according to the following logic.

G- G in Fig. 9.3, if t —round(¢) >0
| GinFig. 94, ift—round(t) <0
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Fig. 9.8 shows the centroid of z; (1 < ¢ < 4) and zo. Fig. 9.9 shows the centroid of y;
(1 <j<4)andy. Fig. 9.10 shows (6; — ) (1 <j <4).

9.6 Conclusion

In this paper, distributed control of multiple follower systems has been studied and control
algorithms were proposed for tracking trajectory of the leader agent. In the controller design,
dynamics is considered adaptive controllers are designed for estimation of the unknown model
parameters. Simulation results have proved the effectiveness of our proposed control laws.
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Chapter 10

Teleoperation of a Cluster of Mobile
Robots Subject to Model Uncertainty

10.1 Introduction

In practice, many tasks are required to be accomplished by multiple autonomous robots coop-
eratively, such as operations in hazardous environments, manipulation in nuclear processing
plants, search and rescue missions, and exploration and survey. Due to high requirements of
tasks and dynamic environment, many tasks cannot be accomplished alone by autonomous
robots. Therefore, it is necessary that a human operator works cooperatively with multiple
autonomous robots. Bilateral teleoperation is one type of cooperation between a human
operator and a group of autonomous robots. The bilateral teleoperation of a team of robots
enables human operators to extend their actions and intelligence to remote locations by al-
lowing them to concentrate on high-level reasoning and decision-making (e.g. strategic path
to be navigated by the robot formation).

Bilateral Teleoperation of a single master system and a single slave system has been
studied for over four decades. In [159], experiments on the effects of communication delay in
teleoperation of a single master and single slave systems was reported. In [160], supervisory
control was developed to address the problem of communication delays [160]. In [161], a
Lyapunov-based analysis was proposed for teleoperation. In [162,163], the passivity-based
approach was proposed. With the aid of the passivity-based approach, different subsequent
schemes have been proposed in the literature to provide performance improvement [164-166].

With the aid of the development of cooperative control theory in the past decade [19, 23—
28,52,67,167-174], research in bilateral teleoperation of a single master and multiple slave
systems has been reported in several papers.

In [175], coordination of a group of Lagrangian systems was considered with bidirectional
communication constraints. With the aid of input-to-state stability, PD-type control laws
were proposed such that the state of a slave system converges to a bounded region around
the state of a master system. In [176], bilateral teleoperation of multiple mobile vehicles was
considered when each slave vehicle can communicate its position and velocity to the master
vehicle and vice versa. PD controllers were proposed such that the motion tracking and the
formation control are achieved. In [177], bilateral teleoperation of multiple mobile robots
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was considered under the assumption that the master system has communication with each
slave system. Control laws were proposed with the aid of partial feedback linearization.
In [178], bilateral operation of multiple cooperative robots with delayed communication was
considered under the condition that the communication and the computation are centralized.
Control laws were proposed with the aid of passive decomposition.

In bilateral teleoperation of a single master and multiple slave systems research, most
of the results were achieved based on one or more of the following assumptions: (1) each
system is not subject to nonholonomic constraints [175,176,178]; (2) there is no dynamic
model uncertainty [177]; or (3) the master system can communicate with each slave system
[176]. This paper considers the problem of the teleoperation of a cluster of mobile robots that
appear as one single virtual mobile robot to a remote human operator. The proposed control
design assumes the following: (1) each system is subject to nonholonomic constraints; (2)
there is model uncertainty for each system; (3) the state information of the virtual system is
available only to a subset of the mobile robots; and (4) the state information of each robot
is not available to the virtual system.

With the aid of backstepping techniques and the results from graph theory, distributed
adaptive control laws are proposed for each robot such that the group of robots come into
a desired formation and the centroid of the robot cluster moves along the desired trajectory
that is remotely specified by a human operator. Compared to existing results, the advantages
of the proposed study are: 1) starting from an initial formation, a group of robots come into
a desired formation the centroid of which converges to the desired position of a virtual robot;
2) The desired formation is achieved even though the information about the virtual robot is
available to only a subset of the robots in the cluster.

10.2 Problem Statement

This paper considers the problem of the tele-operation of a cluster of m car-like wheeled
mobile robots that is controlled to move along a pre-defined path while maintaining a desired
rigid formation. The configuration of each robot is shown in Fig. 10.1. It is assumed that
each robot is rigid and its wheels do not slip along its axis. For simplicity, it is also assumed
that the two wheels on each axle (front and rear) collapse into a single wheel located at the
midpoint of the axle (car-like model). The front wheel can be steered while the rear wheel
orientation is fixed. The generalized coordinates of robot j are ¢.; = [z;,y;,0;,0; + ;)"
where (z;,y;) are the cartesian coordinates of the front wheel, §; is the orientation of the
robot body with respect to the z-axis, and ¢; is the steering angle.
Robot j is subject to two nonholonomic constraints (one for each wheel):

Y

&;sin(0; + ;) — y;cos(d; + ;) = 0 (10.1)
@isinf; —yicost; = 0 (10.2)

where (x?, yjr) are the cartesian coordinates of the rear wheel, 7 = x; — [; cos 6, and y; =
y; — ljsin6; where [; is the distance between the wheels. Substituting 27 and y} into (10.2),
the constraints (10.1)-(10.2) can be written as

Ji(@s)ds = 0 (10.3)
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Figure 10.1: Configuration of a simplified car-like robot.

where

sin(0; + ¢;) —cos(0;+¢;) 0 0
sin 0; —cos b l; 0

Jj(Gss) = (10.4)
The dynamics of robot j can be obtained with the aid of the D’Alembert’s principle [115]

and is written as

M;(q+j)Gj + C(Qujy Gxj)Gn + G3(qsj) = Bj(quj) T
+J] ()N, (10.5)

where M;(q.;) is an 4 x 4 bounded positive-definite symmetric matrix, C;(qs;, ¢+j)gs; is cen-
tripetal and Coriolis force, G,(q,;) is gravitational force, B;(q.;) is an 4 x 2 input transfor-
mation matrix, 7; is control input, A; is the constraint force on system j, and the superscript
T denotes the transpose operator. It is well-known that the following properties hold for
the dynamics (10.5): 1. (M; — 2C;) is a skew-symmetric matrix; and 2. For any vector
£ € R, Mj(qei)€ + CilGujy Gui)€ + Gis) = YilGujy Guji € €) 85, where Yi(quj, Gujs §,6) s a
matrix function of ¢.;, ¢s;, , and £ and is called the regressor matrix, and f; is the inertia
parameter vector. In this paper, it is assumed that the regressor matrix Y;(q.;, ¢, &, f) is a
known matrix and the inertia parameter vector §; is unknown and needs to be estimated.

The robots in the cluster are assumed to exchange data between them using on-board
sensors and wireless communication. If each robot is considered as a node, the communi-
cation between robots can be described by a graph G = {V, £}, where V = {1,2,...,m} is
a node set, £ is an edge set with element e;; that describes the information flow from node
7 to node j. Robot ¢ is referred to as a neighbor of robot j if the information of robot ¢ is
available to robot j. For robot j, the indices of its neighbors form a set denoted by A;. This
study considers a bidirectional communication between a robot and its neighbors. A graph
G is called to be connected if for any two nodes there is a set of edges which connect the two
nodes.

For m robots, a desired formation F is defined by coordinates (p,;, py;) (1 < j < m) that
satisfy >0 pz; = 0 and }°7%, p,; = 0. Fig. 10.2 shows an example of a desired formation of
a cluster of five robots (m = 5).

The cluster of m robots is said to be in the desired formation F if z; — x; = pyj — D
and y; — yi = py; — pyi for 1 < j#7 <m.
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Figure 10.2: An example of desired rigid formation. The virtual robot occupies the centroid
position.

In order to telecommand a cluster of mobile robots, a human operator controls a system
whose position states are the desired trajectories of the centroid of the robot cluster. The
system that is controlled directly by a human operator is called a virtual mobile robot. The
virtual mobile robot is represented by:

MO(Q*O)C_.I-*O + CO(C_I*O> Q*O)Q*O + GO(Q*O)
= Bo(qw0)h + Jy (440) N, (10.7)

where q.0 = [0, Yo, 00,00 + @o] " is the generalized coordinates of the virtual mobile robot,
Jo is defined in (10.4) with j = 0, My, Cy, Go, and By are known matrices, 7, is the external
input of a human operator. System (10.6)-(10.7) is a virtual system. The state g.o and
its derivatives are available to one or more mobile robots via wireless communication. For
convenience, the virtual robot in (10.6)-(10.7) is labeled as robot 0. The virtual robot is
assumed to communicate to a subset of the mobile robots. If the virtual robot and the m
mobile robots are considered as a group of (m + 1) robots, the communications between
robots can be described by a graph G¢ with (m + 1) nodes. A neighbor set of robot j is
denoted by ./\fje. The problem considered in this paper is defined as follows.

Control Problem: For a desired formation F and a desired trajectory (xg,%o), the
control problem is to design a distributed cooperative control law for robot j using its own
state ¢, its neighbors’ state g, for ¢ € /\/'je, and the desired formation information (p.;, py;)
and (pg;, py:) for i € ./\/'je such that the m robots come into the desired formation and the
centroid of the position of the mobile robots converges to the position of the virtual robot,
ie.,

Jim (25 — 23) = paj — Pai (10.8)

tli)rglo(yj — i) = Pyj — Pyi» for 1 <i#j<m. (10.9)
. I &

lim (E;xj(t) — xo(t)) =0 (10.10)

lim (% S y(t) — yo(t)) 0. (10.11)



The considered control problem introduces key challenges that make the proposed study
different from existing research in bilateral teleoperation of a master system and multiple
slave systems. These key challenges are: 1) the model of each robot is a nonholonomic
dynamic system; (2) the model of each robot is not ezactly known; (3) the state of the
virtual robot is not available to each robot; and 4) there are communication delays between
systems.

10.3 Controller Design

The system described by (10.3)-(10.5) is transformed into a cascade structure as discussed
next. It is assumed that each robot is front wheel driving. Hence, the constraint (10.3) can
be written as

cosd; 0
S sind; 0 vyl
@i sing;/l; 0 l Vy; ] = 9j(qsj) v (10.12)
0 1

where 0; = 6; 4 ¢;, v1; and vy; are the driving input and the steering velocity input, respec-
tively. Differentiating both sides of (10.12) and substituting it into (10.5) and multiplying
both sides by g;(g.;) ", one has

M;i(quj)0s5 4 Ci(Gujy Guj)0sj + G5(as;) = Bi(qus) T (10.13)

where it is applied the fact that ng(q*j)JjT(q*j) = 0, and M; = ngMjgj, C; = ngMjgj
+9; Cjg;, Gj = g/ G;, and B; = g] B.

System (10.12)-(10.13) describes the motion of system (10.3) and (10.5). Therefore, the
defined control problem can be solved based on system (10.12)-(10.13) instead of system
(10.3) and (10.5). System (10.12) is called the kinematics of system j. System (10.13) is
called the dynamics of system j.

Noting that the system in (10.12)-(10.13) has a cascade structure, a backstepping based
approach with two steps is proposed. In the first step, the dynamics (10.13) are ignored and
v,; is assumed to be a virtual control input. Distributed control laws v,; will be proposed
for a group of m systems (1 < j < m) in (10.12) such that (10.8)-(10.9) are satisfied. In
the second step, the dynamics (10.13) are taken into consideration and distributed control
laws 7; will be designed for the systems in (10.12)-(10.13) with the aid of the results in the
first step and backstepping techniques such that eqn. (10.8)-(10.9) are satisfied. In order to
highlight the basic ideas, communication delays are not considered.

10.3.1 Step 1: Controller Design for Kinematic Systems

In order to design distributed control laws v,; (1 < j < m) for systems (10.12) such that
(10.9) is satisfied, we introduce the following new variables

le = :L“J — pmj + 7 cos 5] (1014)
Zj = Yj— Dy +7sing (10.15)
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for 0 < j < m, where r (# 0) is a small positive number which can be chosen by the designer,
Pzo = 0 and pyo = 0. Then

l 2 ] =7 l Vi ] (10.16)

where
| cosd; —rsind;
77| sind; rcosd; |
It can be verified that ¥; is nonsingular if » # 0.

Lemma 10.1. For the m systems in (10.16), if the communication graph G is connected,
the control laws

V15 = My, Voj = T)2; (1017)
for 1 < 7 <m guarantee that
tlggo(zl] z1;) =0, tlggo(zQ] 29;) =0 (10.18)

for 0 <i# j <m, where

[ - Z a_]l 21 — le |
26./\/'6
P1j Z a]z 215 — le
26./\/"5
- 2
Z aji(le le) +h(t)
iENY
i | =1 (10.19)
125 J
— > aji(2e; — z2)
iENT
paj D aji(22j — 22i)
iENY
- 2
Z aji(zgj — ZQZ') +h(t)

aj; = a;; >0, p1; and py; (1 < j < m) are sufficiently large constants, h(t) is nonnegative
and \/h(t) is an integrable time function.

Proof: Define le = 215 — %10, then

= - Z a]z Z1j — le

ZENe

p1j Y aji(21; — 214)
i€NY .
- 3 - 25'101

Y aji(z;—2u) | +h
ZGNe
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for 1 < j < m. Let a Lyapunov function V = z| (£ + diaglaio, as, - - - , @mo])Z1« Where
Z1« = 211, Z12, - - -, Z1m), £ is the Laplacian matrix of the communication graph G, differentiate
V along the solutions of the systems, with the aid of the results in [179] we have V < —Zz], (L+
diaglaig, asg, - - -, amo)*Z1« + \/Ezgnzl p1j if pi1; is sufficiently large. It can be proved that z;;
converges to zero. Similarly, we can show that zy; converges to zero if py; is sufficiently large.
|
In Lemma 10.1, h(t) can be 1/t* for a > 2, e=® for a@ > 0, or other functions. For
simplicity, we can choose h to be a small positive constant in Lemma 10.1 and it can be
shown that (z1; — 219) and (z9; — 229) converge to a small neighborhood of the origin.
In Lemma 10.1, p;; and py; should be large enough. If the upper bounds of p;; and py;
are not known in advance, they can be estimated on-line as follows.

Lemma 10.2. For the m systems in (10.16), if the communication graph G is connected,
the control laws (10.17) for 1 < j < m guarantee that (10.18) hold for 0 < i # j < m, where

[ - Z a_]l 21 — le |
26./\/"5
plj Z a]z 215 — le
26./\/"5
- 2
Z aji(z1; — z11) | +h(o)
iENY
L e (10.20)
125 J
- Z a’jl 225 — 222
26./\/"5
P2; Z aji(z2; — 22i)
i€NY
- 2
Z aji<z2j — ZQZ') +h(t)
2
Y15 Z a’jl 21y — le
N ZENe
pis = _ (10.21)
Z aji(le — Zli) -+ h(t)
iENF
2
Y25 Z aji(22; — 22i)
. 1ENE
Poj = d - (10.22)
Z aji(zo; — 2z2:) | + h(t)
26./\/"5
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aj; > 0, y1; and y,; are positive constants, h(t) is nonnegative and y/h(t) is an integrable
time function.

The proof of Lemma 10.2 is omitted due to space limitation.

10.3.2 Step 2: Controller Design for Dynamics Systems

In this step, the dynamics (10.13) are taken into consideration. The control laws will be
designed with the aid of backstepping techniques and robust control theory. In order to
design 7, let 01; = v1; —mi; and Ty; = vg; — 15, then the systems in (10.16) and (10.13) can
be written as

Z1j = — Y aji(z1j — 1) + Dy €08 §; — Dyjrsin
z‘e/\/’je
P1j Z aji(z1; — 21i)
iENE
- - - (10.23)
Y aji(z; —zu) | +h(t)
ie/\/]f?
Zoj = — Y ji(2aj — Z2i) + U1y sin &; + Ug;7 cos b
ie/\/je
P2j Z aji( 225 — 22)
ieENE
- - - (10.24)
> iz — z2) |+ h(t)
ie/\/je
Mjo.; + Ciig = By1y — (Myiey + Cyiey + Gy) (10.25)
for j #0
My + Coiwo = Bo(mo + 1) — (Moo
—|—C07]*0 + G(]) (1026)

where 0. = [015, 0], My = (9;9,)" M;g; 95, C = (9;9,) " My 5:(9;95) + (9;95) " C9;95,
G; = (9;,Y;)"G;, and B; = (9;%;) Bj. For the systems in (10.26), the following two

properties can be proven: 1. (M i 2~é’]) is a skew-symmetric matrix; and 2. For any vector
£ € R, Mj(quj)€ + Cj(qujs Gui)€ + Gi(as5) = Yj(Qujs Gujy €, €) B, where Yi(quj, 4uj, €,€) is a
matrix function of g.;, ¢.;, &, and &.

Lemma 10.3. For (m+1) systems, if the communication graph G¢ is connected, the control
laws

—A,;] (10.27)
5]' = _F]')}j(Qﬁ(jjaﬁ*j’n*j)T@*j (1028)
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guarantee that z,; converges to z, and that Bj is bounded, where I'; is a positive constant
matriz, Av; = [A1j, Agj] T, A1; = cosd; ZZ’GJ\[; aji(z1; — z1;) +sind; Ziejv’je aji(z25 — 29:), Noj =
—rsind; Zie/\/; aji(z1; — 213) + 1 €OS 0 Zz’eN; a;ji(z95 — 22;), i and 1y, are defined in (10.19)
or (10.20).

Proof: If m; and 1; are defined in (10.19), let

V = zl*(ﬁ + diaglaio, - - -y Gmo) ) 214 + Z fJ*Tijf}*j

j=1
+Z;; (£ —+ diag[alo, ey CLmo])zQ
+ Z —3) T8 = B)) (10.29)

Differentiating it along the solution of the system (10.23)-(10.26), we have

v < -z *( + diag[a’l(]v ) am0]>221*
Z;;(ﬁ + diag[aio, - - - ; @mo]) " Zax
—2 Zv K.+ Z p1j + p2;)Vh (10.30)

7=1

it can be shown that V is bounded, which means that Bj is bounded. Furthermore, it can
be shown that (z1; — 210), (225 — 220), and 0,; converge to zero.
If 71; and 7,; are defined in (10.20), the results can be proved similarly. [ |
With the aid of Lemmas 10.3, the following results are obtained.

Theorem 10.1. For m robots and a virtual system operated by a human operator, if the
communication graph G¢ is connected, the control laws in Lemma 10.3 guarantee that

tli)m |z — @ — paj + Pail < 21, (10.31)
tliglo lYyj — i — pyj +Pyil <21, forl <i#j<m. (10.32)
1T &
lim E;xj(t) — zo(t)| < 2r (10.33)
N
Jlim Ejz::lyj(t) —yo(t)| < 2r (10.34)

and that f3;, p1;, and py; are bounded, where the control parameters are defined in Lemma
10.3.

Theorem 10.1 can be proved with the aid of Lemma 10.3 and the proof is omitted here.

Remark 10.1. In Theorem 10.1, r can be chosen as small as possible. However, small r
value leads to large control inputs. In practice, r should be chosen according to the tradeoff
of magnitudes of control inputs and tracking errors between systems.
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Remark 10.2. In this paper, the regressor matrix of each system is assumed to be known. If
the regressor matriz is unknown, distributed robust adaptive controller can be proposed with
the aid of robust and adaptive control theory. If approximation theory is applied to estimate
unknown terms, distributed approximation-based adaptive controllers can be proposed. Due
to space limitation, we omit them here.

10.4 Simulation

To show the effectiveness of the proposed control design, two simulation cases of the tele-
operation of five mobile robots are considered. The dynamics of each mobile robot can be
found in [180] and are not presented here due to space limitation. The virtual robot is
described by (10.6)-(10.7). For simplicity, we assume that My = I, Cyp = 0, Gy = 0, and
By = diag[1, 1]. The communication graph between the five robots is illustrated in Fig. 10.3,
where the information about the location of the virtual robot (robot 0) is assumed to be
available only to robot 5. The desired robot formation is specified in Fig. 10.6. The control
laws of Theorem 10.1 are implemented to solve the control problems. In the first simulation
example, the robot cluster is tele-commanded so that it forms the desired rigid formation
and moves along a circular path while maintaining that desired formation. Figs. 10.4-10.5
show the response of transformed position vector [z, 22;]". Fig. 10.6 shows that starting
from an initial formation, the robot cluster moves to form the desired formation, and then
moves along the desired circular path while maintaining the desired formation.

i ) @
2D
2 ;‘\ Figure 10.3: Communication

graph G.

Y]
Vi o

/

Tamees .~ Figure 10.4: Response of 215 (0 <
J <5).

138



2, (0<i<5)

“dmeesy . ~  Figure 10.5: Response of zy; (0 <
Jj<5).

y (m)

| Figure 10.6: Path of the centroid of
| ‘ ‘ | the robot cluster (dashed line). The
° - 2 0 2 ‘ °® green pentagon represents the initial
robot formation and the red pentagons
represent the desired rigid formation
maintained by the cluster while mov-
ing along the desired circular path.

10.5 Conclusion

This chapter considered teleoperation of one master system and multiple slave systems. Dis-
tributed adaptive controllers were proposed with the aid of backstepping techniques and re-
sults of graph theory. Simulation results have demonstrated the effectiveness of the proposed
control approach. In this paper, the effects of communication delays were not discussed. Fu-
ture work will take the communication delays into consideration.
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Chapter 11

Consensus of Multiple Nonholonomic
Mechanical Systems with Non-ideal
Nonholonomic Constraints

In this chapter, we consider Problem 3 defined in the last chapter, i.e., the consensus problem
of multiple nonholonomic mechanical systems in (1.1) and (1.10). Since (1.11) and (1.4) are
equivalent to (1.1) and (1.10), the consensus problem is considered based on (1.11) and
(1.4). In order to design distributed control laws, we solve the problem in two steps. In
the first step, we assume that u,; are control input and design distributed algorithms using
neighbors’ information such (1.8) is satisfied. In the second step, we design control law 7;
using neighbors’ information such that (1.8) is satisfied.

11.1 Distributed Controller Design for Kinematic Sys-
tems

Consider m systems in (1.12), i.e.,

Ty = v+ ¢(Tyy) (11.1)
Toj = g+ 2(Ta) (11.2)
Tij = V%1 + ¢i(Ty), 3<i<n (11.3)

The communication between systems is defined by a directed graph G = {V,}. For simple
presentation, it is assumed that the communication between systems is bi-directional in this
chapter.

The considered problem is defined as follows.

Consensus of Multiple Chained Systems: For a group of m systems in (11.1)-(11.3),
the problem is how to design a distributed control law (vy;,vq;) for system j based on its
own information and its neighbors’ information such that

lim(z; —c) =0, 1<j<m, (11.4)

t—o00



where z,; = [21;,. .., xnj]T and c is an unprescribed constant vector which depends on the
initial condition of each system and the topology of digraph G.

The system (11.1)-(11.3) has a cascade structure. (11.1) is a linear system with a pertur-
bation term. For controller design, it is assumed that the uncertain terms in (11.1)-(11.3)
satisfy the following conditions:

|1 (1) < vj(w15),  |025(Toj)| < 725 (Ts),  10i5(Tij)| < v45(Tij), 3<i<n  (11.5)

where f3;; are known positive functions.
With the aid of the results in [7], we have the following results.

Lemma 11.1. For the system in (11.1)-(11.3), there exists a function f;(B.;,€;) € R™ such
. 9 9F . ;

that the the matriz G;(By;) = [glj(.fj)ag2j(fj), Wffj, e aﬁfz’j} is nonsingular for any B,

and €j > O; where g1 = [17 07 Ljs -+ In—l,j]—l—) 925 = [07 17 07 RS O]T; ﬁ*] = [ﬁ1j7 ) 5n—2,j]—|—;

B € R"2 and the function f; has the following properties:

1. f; is bounded for any B,;;

2. hmej_m fj(ﬁ*ﬁ Ej) = 0.

The proof of Lemma 11.1 can be found in [7,8]. The construction of f; can be found also
in [7,8]. The function f; is called the transverse function.

With the aid of Lemma 11.1 and the notations in [7], it can be found the function f;(5;, ¢;)
such that G is nonsingular. Let

24y = T f5(Big) ™
then, we have the augmented system
G = drpp)1 (@g)dley, (5(B))Gi(Bag) o1, v, —Bujs -, —Ba2y] T (11.6)

We define the neighbors’s difference as

erj = [e1j,- -, ens] = zj\; ji(Zej = Zui)- (1L.7)
1€EN;

If B*j is considered as an additional input, we propose the following distributed control law.

Theorem 11.1. For the m systems in (11.1)-(11.8), if the communication graph has a
spanning tree, the control law

’Ulj = 7’]1j (118)
’Ugj = 7’]2]' (119)
M1
12 = —Gj_ldlz;jl (@aj)dr p;(6.5)(247) Z Aji(2ej — 2ei) — Auj (11.10)
_ﬁ*j €N
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ensures that

lim ||z, — x4 < 0:i(€5, € 11.11
Jim [,y — .| < B(ey. €0 (11.11)
where d;; 1s a nonnegative continuous function of €; and €; and d;; converges to zero when €;
and €; converge to zero, and

Y1j€e1j
Ay = : (11.12)

Tnj€nj

/o2 —t
enj—l—e

Proof: By Lemma 11.1, G; is nonsingular. So, the control law exists. Substitute the
control law into the system, we have

Zi; = —ep — > + @1 (11.13)
ef; +et
(11.14)
bnj = —enj— L 4 4, (11.15)
e +et
Choose a function
where zi = [z, .. ., zm]T and L is the Laplacian matrix, we have

m 2 m
Vi = 2l - S S N g
s jz=:1\/€2-+e_t Z:ejgbj
< =2 Ll — Y v/ et + +3 ijles
~ Z Z 27j €ij € Z\/JT 27]|6J|

L A me‘t/2

By integrating both sides of the above inequality, it can be shown that z;, is bounded and
Lz, converges to zero, which means that (z;; — 2;) converges to zero for 1 < j # 1 < m.
Therefore, (11.11) holds. u

Remark 11.1. Ife; (1 < j < m) are chosen to be small constants, ;i(€;,€;) is a small
constant, which means that ||x.; — x.|| converges to a small neighborhood of the origin. We
say (11.4) is achieved practically.

Remark 11.2. In Theorem 11.1, nothing is said about f3,;. So, B.; may be bounded or
unbounded. Thanks to the properties of the function f;, the boundedness of 3,; plays no role
in the consensus problem.
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11.2 Distributed Controller Design for Dynamical Sys-
tems

We considered m dynamical systems. The j-th system is defined as

11.16
11.17
11.18
11.19

i1 = vij + d15(z1)

Taj = Vaj + Po;(T2;)

Tij = viTio1j + ¢i(Ty), 3<i<n
Mji)*]‘ —+ CN'jU*j + éj + Dj = BjTj

(11.16)
(11.17)
(11.18)
(11.19)

where v,; = [v1j,v9;] " and z.; = [21j,...,2,4]". The following properties are satisfied.
Property 11.1. Mj s bounded and ]\Zj — 2(~7j s skew-symmetric.
Property 11.2. For any differentiable vector £ € R?,
M€ + Ci& + Gy = Y@y, i, €, £)ay
where f/j is a known function of x.;, ©.;, §, and ¢, and a; 18 the inertia parameter vector.

The problem considered in this section is defined as follows.

Consensus of Multiple Systems: For a group of m systems in (11.16)-(11.19), the
problem is how to design a distributed control law 7; for system j based on its own informa-
tion and its neighbors’ information such that

tlgglo(x*j —c)=0, 1<j<m, (11.20)

where z,; = [21;,. .., xnj]T and c is an unprescribed constant vector which depends on the
initial condition of each system and the topology of digraph G.

In the dynamics (11.19), we first assume that the inertia parameter vector a; is a constant
and is unknown.

In order to design controllers, we let

Uy = vij— My (11.21)
Ugj = Vg — My, 1<j<m (11.22)
where 7;; and n; are defined in (11.8) and (11.9), respectively. Let
X5 = il = 6.1 (@) dl, (5 (i) G5 (Biy)

then we have
Y15€15

Ly = —ey - ———
Vel +et

V25 €25

baj = —es; = —mm o by + X504 + X220
62]' +e

+ 015 + X1,1,5015 + X1,2,5025 (11.23)

(11.24)

. Yij€ij - ~ .

Zij = —€jj — —m==—=—=+ Gij + +Xi1,;01j + Xi2,jV2, 3 <1< n (11.25)
J J /622]- + €_t J J =4 J 4]

l@j'lL}*j —|— C'jf)*j - Bj’Tj - (MJT]*] —|— éjn*j —|— éj —|— Dj) (1126)
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where ’(~J*j = [171j,’(72j]—r.
For the dynamics of each system, we have

Mjipey + Cjtneg + Gy = Yy (s gy g 11eg) 0y (11.27)
where a; is the inertia parameter. For the disturbance [)j, it is assumed that
1D;]1 < pj(.y) (11.28)

where p; is a known function of z,;. If the inertia parameter a; is a constant and is unknown,
we have the following results.

Theorem 11.2. For the m systems in (11.16)-(11.19), if the communication graph has a
spanning tree, the control law

T = Byt [=Kby+ Yia; — pisign(i.g) — Aj] (11.29)
a; = —I;Y;T0, (11.30)

ensures that a; is bounded and (11.11) holds, where K; and I'; are positive constant matrices,
and

Zeini,l,j
Aj — =1 (11.31)

Z%Mw
=1

Proof: Let

V=> 2Lz + Z

i=1

l\DI}—t

m 1 _ R
M Z 5 L 'y — a5)
Differentiating it along the closed-loop system, we have

V < —ZZT£2ZZ* Zv K0, — Zp]v*]&gn Usj) ZUTD + me™/?
j=1
< - Z 20 L2250 — Z @*TjKjf)*j + me ™2
j=1
By integrating both sides of the above inequality, it can be shown that V' is bounded, which
means that z,, 0,; and a; are bounded. Furthermore, it can be shown that by Barbalat’s
lemma that e;, and 0,; converge to zero. Therefore, (11.11) holds. |

In Theorem 11.2, the unknown inertia parameter is estimated by an adaptive control law.
If an estimate of a; is a; and

la; — a;l| <

for 1 < j <m and v, is a known constant, we propose the following robust control laws.
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Theorem 11.3. For the m systems in (11.16)-(11.19), if the communication graph has a
spanning tree, the control law

o= B =K+ Yia; — 1, Ysien(Y; 6.) — psign(i) — A, (11.32)

ensures that (11.11) holds, where K; is a positive constant matriz and A; is defined in
(11.31).
Proof: Let

V= ZZ Ezl* + Z ij’&*j

Differentiating it along the closed-loop system, we have

n m m
Vi < =Yz L — ZU*]K Uy — > pi0sign(tyy) — Y 0,,D;
i=1 j=1 j=1 J=1
m _ m
+0..Y(a, Z Ysign( Y Byj) + me™"/?
i=1 i=1
n m
< =N L% - 6;[(]-17*]- + me ™2

Il
—

7 7j=1

Therefore, V' is bounded, which means that z;, and 9,; are bounded. By Barbalat’s lemma,
it can be shown that e;, and 0,; converge to zero. [ |

In Theorem 11.3, the unknown inertia parameter a; is not required to be a constant. In
the control laws, v; is required to be known. It is possible to estimate it.

11.3 Simulation

We considered three nonholonomic wheeled mobile robots considered in Section 3.5.
The constraint on the front wheels can be written as

Lt'j sin Hj — yj COs 9]‘ = Pj(l’j,yj) (1133)

where (z;,y;) is the position of robot j, §; is the orientation of robot j, and P; denotes slight
slipping along the axis of the wheels. The dynamics of robot j are described by the following
differential equations

1
m;&; = Xjcosb; + — 7 (71 + 7o) cos b,
j
1
myl; = —Ajsin6; + — 7 (715 + 7o;) sin b, (11.34)
j
. L
Loy = Fr(n;—my)

J
where m; is the mass of robot j, and /; is its inertia moment around the vertical axis at

point Q. R; is the radius of the wheels and 2L; the length of the axis of the front wheels,
and 71; and 7y, are the torques provided by the motors.
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Let q.; = (25,15, 05]",

mj 0 0
Mj(gg) =1 0 m; 0 |,C5(qs,ds) =0,Gj(g:) =0
0 0 I
1 | cos 0; cosb,
Bj (Q*j) = ﬁ sin 9]' sin 9]' s Jj = [Sil’l Hj, — COS Hj, O]
J

L, -L

The system (11.33)-(11.34) is in the form of (11.1)-(11.2).
Let

cosf; 0
g« = | sind; 0
0 1

then Equation (11.33) and (11.34) are converted into

T = wuy;cosb; + Pjsind;
Uj = wuy;sinf; — Pjcosb;
9]‘ = Uy
, 1
mytny = (1 + Ty)
j
. L;
Iyl = 5-(11j = 7j)
J
With the transformation
Ty = =0,
T9; = xjcosl; +y;sinb;
x3; = —x;sinf; + y;cosb;
Ulj = —Ugj
Uzj = Uiy — LUy

Equation (11.35) can be converted into the following standard form
Lt'lj = U1y
Taj = Uy
T3j = Tajv1; — Py
Mji.; 4 Cjug = BTy,

M _ Ij + mjzzg,j m;x3; é _ mjl’gji’;;j 0 B _ i Z3j + Lj
; » mjit':gj 0 $

]\Zj(qw)gj + C’j (Q*ja Q*J)g = Y/j(q*j, Q*jv 57 é)aj
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where the inertia parameter vector a; = [mj, I;]7,

V(oo £.6) = | P36 Tae T amdnb &
J\Ux7y Yx75 &> x3j£1_|_£2_|_j:3j£1 O

The consensus problem of the kinematics in (11.36) can be solved with the aid of the
results proposed in Theorem 11.1. By the results in [7], we choose

€; sin f3;
fo = €; cos Bi |, ¢>0 (11.37)
L sin 23,
Then
€; Ccos [3;
df,; S )
dgj —&;sinf | By, (11.38)
Y %ﬂ cos 23;
It can be verified that f; satisfies the properties in Lemma 11.1.
Let
r1j — f1j
2 = T fl = L5 = Ja

T35 — f35 — f1j(352j - f2j)

the controller is proposed as

vy = My (11.39)
Voj = T2y (11.40)
_ _1 ~
T 1 0 ¢ cos Bi 1 0 01"
M2j = 0 1 oS B; 0 1 0 X
—B; | €jcosfB; 0 %’ cos 2[3; Z95 —€isinf; 1
D iz — 2a) + Ay (11.41)
LiEN;

where aj; > 0 and A; is defined in (11.12) with n = 3.

In the simulation, we choose Pj(z;,y;) = 0.2sin¢. The communication graph is shown as
in Fig. 11.1. The communication graph is shown as in Fig. 12.1. Figs. 11.2-11.4 show the
time response of x1,, o, and xs,, respectively. It is shown that the state of three systems
reach consensus.

The consensus problem of the dynamics in (11.36) can be solved with the aid of the results
in Theorem 11.2. The controller is proposed as in (11.29)-(11.30) if the inertia parameter
vector a; is a constant and is unknown. Figs. 11.5-11.7 show the time response of x1,, %o,
and x3,, respectively. It is shown that the state of three systems reach consensus.

If the inertia parameter vector a; is a constant and is unknown, we can also solve the
consensus problem by the robust control algorithms in Theorem 11.3. Figs. 11.8-11.10 show
the time response of x1,, T2, and x3,, respectively. It is shown that the state of three systems
reach consensus.
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Figure 11.1: Communication graph.
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Figure 11.2: Response of x1,.
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11.4: Response of xo,.
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Figure 11.5: Response of z,.

T2 s 4 : s 7 10

5
time (seec)

Figure 11.6: Response of zo,.
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Figure 11.7: Response of zo,.
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Figure 11.8: Response of x1,
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Figure 11.9: Response of zo,.
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Figure 11.10: Response of xo,.
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Chapter 12

Distributed Tracking Control of
Multiple Nonholonomic Mechanical
Systems with Non-ideal
Nonholonomic Constraints

In this chapter, we consider Problem 4 defined in the last chapter, i.e., the tracking control
problem of multiple nonholonomic mechanical systems in (1.1) and (1.10).

12.1 Distributed Controller Design for Kinematic Sys-
tems

Consider m systems where the j-th system is defined by

By = v+ ¢(Tyy) (12.1)
;= 25+ ha;(Ta5) (12.2)
Tij = viTio1 + ¢(Ty), 3<i<n (12.3)

The communication between systems is defined by a directed graph G = {V, £}. For simple
presentation, it is assumed that the communication between systems is bi-directional in this

chapter.
It is given a desired trajectory x? = [z14,...,2,q)" which is generated by
i'ld = Vid (124)
Tog = U2 (12.5)
jf’id = V1d%i—-1,d, 3 S 1 S n (126)

where v14 and veq are known functions. It is assumed that

max |z4| <6, 1<i<n.
t€[0,00)
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where §; is a positive constant.

The problem considered in this chapter is defined as follows.

Tracking Control of Multiple Chained Systems: For a group of m systems in
(12.1)-(12.3), it is given a desired trajectory x?, the problem is how to design a distributed
control law (vy;, vq;) for system j based on its own information and its neighbors’ information
such that

lim (z,; —2%) =0, 1<j<m, (12.7)

t—o00

where z,; = [21j,. .., l’nj]T-

It is assumed that the uncertain terms in (12.1)-(12.3) satisfy the following conditions:

|15 (w15)| < y1j(15), |Doy(Tos)| < y2i(Toy), |0i(Tij)| < vij(T5), 3<i<n  (12.8)

where 3;; are known positive functions.
With the aid of the results in [7], we have the following results.

Lemma 12.1. For the system in (12.1)-(12.3), there exists a function f;(B.j,€;) € R" such
. Of; Of; . .

that the the matriz G;(By;) = [01;(f;), 925 (f5), Wffj’ e 86”’?2’3_] is nonsingular for any f.;

and €; > 0, where gi; = [1,0, 295, ..., Tn_1,4]", g2, = [0,1,0,...,0]", Buj = [Bujs- -+, Bu2j]

B € R"% and the function f; has the following properties:

1. f; is bounded for any B.;;

2. hmej_m fj (ﬁ*jv €j> = 0.

The proof of Lemma 12.1 can be found in [7,8]. The construction of f; can be found also
in [7,8]. The function f; is called the transverse function.

With the aid of Lemma 12.1 and the notations in [7], it can be found the function f;(5;, €;)
such that G is nonsingular. Let

2uj = T fi(Bag)
then, we have the augmented system
Gy = drye - (@g)dl, (fi(Bg)Gi(Ba) o1, vag, —Brgs - —Bazg] T (12.9)

We define the neighbors’s difference as

Cxj = lerjy -y enj] = D iz — 2) + bj(2g — 2. (12.10)
ieN;

where b; = 1 if the desired trajectory is available to system j and b; = 0 if 2% is not available
to system j. If 3,; is considered as an additional input, we propose the following distributed
control law.
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Theorem 12.1. For the m systems in (12.1)-(12.2), if the communication graph has a
spanning tree, the control law

vij = My (12.11)
V25 = Th2j (12.12)
g 1 d
M2 = —Gydl o (2)drsy s, (%) Y ji(2ay = 2a) +05(2 — 1) — ALR2.13)
—5*3' ieN;

ensures that
lim 2 — 2] < 8(e;) (12.14)

where §; is a nonnegative continuous function of €; and d; converges to zero when €; converges
to zero, and

(y15+61)e1
A*j = (12.15)
(Ynj+0n)enj

/.2 —t
enj—l—e

Proof: By Lemma 12.1, G; is nonsingular. So, the control law exists. Substitute the
control law into the system and define Z;; = z;; — x4, we have

Y15€15

21]- = —elj — 27 + (blj — X114 (1216)
Vel et
: (12.17)
S o ninj g
Znj = —E€nj W + Onj — Tna (12.18)
Choose a function
V.= Tﬁez,*
where Z;, = [Z1, ..., Zin] " and L is the Laplacian matrix, we have
“/vi _ _~T£e£ezl* Z Tij€ Z] 4 Z eij(¢ij _ xm)

im1yJel +et
< _~T£e£e22* jz::l%m/e?jJre—“rZ\/7+Z%g|€u|

+e
< —ELL°L°%, 4+ me!?

By integrating both sides of the above inequality, it can be shown that Z;, is bounded and

L°Z;. converges to zero, which means that Z,; converges to zero. Therefore, (12.14) holds.
|
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Remark 12.1. Ife; (1 < j < m) are chosen to be small constants, d;;(€j,€;) is a small
constant, which means that ||x;; — x;4|| converges to a small neighborhood of the origin. We
say (12.7) is achieved practically.

Remark 12.2. In Theorem 12.1, nothing is said about B.;. So, B.; may be bounded or
unbounded. Thanks to the properties of the function f;, the boundedness of p.; plays no role
in the consensus problem.

12.2 Distributed Controller Design for Dynamical Sys-
tems

We considered m dynamical systems. The j-th system is defined as

i1 = v1j + ¢15(215) (12.19)
Tgj = V2j + P2;(T2;) (12.20)
ij = v1jTio1; + ¢ij(Zy), 3<i<n (12.21)
Mji,; + Cjv.; + Gy + D; = By (12.22)
where v,; = [v1j,v95]" and z.; = [21;,...,2,4]". The following properties are satisfied.

Property 12.1. Mj s bounded and ]\>[j — 2@- 15 skew-symmetric.
Property 12.2. For any differentiable vector £ € R?,
M€+ Cié + Gy = Yiay, 145, €, 8)ay
where f/j is a known function of x.;, T.;, §, and f, and a; 1is the inertia parameter vector.

The problem considered in this section is defined as follows.

Tracking Control of Multiple Systems: For a group of m systems in (12.19)-(12.22),
the problem is how to design a distributed control law 7; for system j based on its own
information and its neighbors’ information such that

tli)m (ej —c)=0, 1<j<m, (12.23)
where z,; = [z1;,. .., xnj]T and c is an unprescribed constant vector which depends on the

initial condition of each system and the topology of digraph G.

In the dynamics (12.22), we first assume that the inertia parameter vector a; is a constant
and is unknown.

In order to design controllers, we let

by = vy —ny (12.24)
(12.25)

I
&
&

—_
IN
.

AN

3

’Ugj
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where 7;; and n,; are defined in (12.11) and (12.12), respectively. Let

Xi = [Xi,l,j] = Tfj(ﬁ*j)*l(x*J) Zaj (fj(ﬁ )) (B*J)
then we have
Y15€15

AT T T T T P15+ X1,1,5015 + X1,2,502;
\€e1; te

V25€2;5 - -
B L+ oj + X2,1,j015 + X2,2,502 (12.27)
ey +et

. VijCij

Gij = —ei — LY V.
/.2 —t
e; e

M;.; + Cjv.; = Bym; — (Mjing + Cyney + G, + D) (12.29)

(12.26)

c2j = —C€25 —

+ (bij + +Xi,1,ﬂ~]1j + X@Q’j@g]‘, 3<1<n (12.28)

where ’(~J*j = [171j,’(72j]—r.
For the dynamics of each system, we have

Mjites + Cineg + Gy = Yy (g, g 1 1heg) (12.30)
where a; is the inertia parameter. For the disturbance Dj, it is assumed that
1D;11 < pj(.s) (12.31)

where p; is a known function of z,;. If the inertia parameter a; is a constant and is unknown,
we have the following results.

Theorem 12.2. For the m systems in (12.19)-(12.22), if the communication graph has a
spanning tree, the control law

7 = By [=Kji + Yia; — pysign(i.g) — Aj] (12.32)
a; = -I;Y;'0, (12.33)

ensures that a; is bounded and (12.14) holds, where K; andT'; are positive constant matrices,
and

Zeini,l,j
Aj — =1 (12.34)

Z%’Xi,w
=1

Proof: Let

Uy | ~ 1
V= Z 2T£ezl* Z 5 ;rM ’(~J Z §(€LJ - aj)TFj_l(dj — aj)
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Differentiating it along the closed-loop system, we have

m

V < —ZéTﬁeﬁezl* Zv K0, — Zp]v*]agn Usj) Z ID + me~t/?

Jj=1 Jj=1

< —ZZTEGEGZZ* Zv K;v,; +me” t/2

By integrating both sides of the above inequality, it can be shown that V' is bounded, which
means that Z,, 0., and a; are bounded. Furthermore, it can be shown that by Barbalat’s
lemma that e;, and 0,; converge to zero. Therefore, (12.14) holds. |

In Theorem 12.2, the unknown inertia parameter is estimated by an adaptive control law.
If an estimate of a; is a; and

la; —a;l| <

for 1 < j <m and 7; is a known constant, we propose the following robust control laws.

Theorem 12.3. For the m systems in (12.19)-(12.22), if the communication graph has a
spanning tree, the control law

T = Bj_l {—Kjfz*]— +Yia; —v;Y; s1gn(1~/jT17*j) — pjsign(,;) — A]} (12.35)

ensures that (12.14) holds, where K; is a positive constant matriz and A; is defined in

(12.34).
Proof: Let
m 1 _
V=S aes 3 i,
j=1

Differentiating it along the closed-loop system, we have

v, < Z L LeLez;, — ZfJ*TjKjT)*] Zp]v*]agn Usj) Z
i=1 7=1 j=1 j=1
Zf};rf/ Z%v*] sign( Y Dyj) +me "2

< Z ZLLOLC%, — Zﬁ*JK B,j +me "/

Therefore, V' is bounded, which means that z;, and v,; are bounded. By Barbalat’s lemma,
it can be shown that e;, and v,; converge to zero. [ |

In Theorem 12.3, the unknown inertia parameter a; is not required to be a constant. In
the control laws, v; is required to be known. It is possible to estimate it.

12.3 Simulation

We considered three nonholonomic wheeled mobile robots considered in Section 3.5.
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The constraint on the front wheels can be written as
Lt'j sinﬁj _yj COSHJ‘ = Pj(l’j,yj) (1236)

where (z;,y;) is the position of robot j, §; is the orientation of robot j, and P; denotes slight
slipping along the axis of the wheels. The dynamics of robot j are described by the following
differential equations

1
m;E; = \jcosb; + ﬁ(ﬁj + Ty;) cos b,
J
. : 1 :
J

. L.

Loy = Fr(my =)
J

where m; is the mass of robot j, and /; is its inertia moment around the vertical axis at
point Q. R; is the radius of the wheels and 2L; the length of the axis of the front wheels,
and 71; and 7y, are the torques provided by the motors.

Let g.; = [xjvijej]—ra

i 0

m 0
M;i(q)=1| 0 m; 0 |,Ci(q,ds) =0,Gj(qs) =0
0 0 I

1 | cos 0; cosb;

Bj (Q*j) = ﬁ sin 9]' sin 9]' s Jj = [Sil’l Hj, — COS Hj, O]
L L
The system (12.36)-(12.37) is in the form of (12.1)-(12.2).
Let
cosf; 0
Gxj = | sind; 0
0 1

then Equation (12.36) and (12.37) are converted into

T = wy,cosb; + Pjsinb;
Yj = wuy;sinf; — Pjcosb;
0 = Uy
. 12.38
Mty 7 (T + 72) (12.38)
J
L,
Lay;, = —](7'1- )
J74) R] J J

It is given a desired trajectory ¢¢ = [q14, Gad, @3] | Which is generated by
q1d = V4 COS @34, (2d = VqSIN 34, (34 = Wy

where v, and w, are time-varying functions.
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With the transformation

Ilj = —9]'

Ty; = xjcost;+y;sind;
x3; = —x;sinf; + y;cosb;
Ulj = —Ugj

Vo; = U1j — T3;V15

Equation (12.38) can be converted into the following standard form

l"lj = Vy;

l"gj = Vyj

T3j = ojv1; — By
Mjl.)*j + ij*j = BjT*j

where
i = I +mjas; mjxs; G m;xzjrs; 0 B-:i x3; + Ly w3 —
j mzy;  omy | myig; 0 |70 R, 1

and

M](q*])g + éj(Q*j> q*])g = Y/j(Q*j, Q*j> 67 é)a'j

where the inertia parameter vector a; = [mj, I;]7,

f%jél + 273;52 + asdgln & ]

Y;(Q*hd*jagag) = [ 513'3]'51 _‘_52_‘_3‘:3],51 0

By the transformation

Tia = —43d

Toqg = {14 COS (34 + 24 SN @34
T3¢ = —q1d SN q3q + 24 COS @34
Vid = —Wd

V2q = Vid — 3dV1d

we have
T1d = Vid, Tod = Vad, T34 = V1dTaq-

(12.39)

The tracking control problem of the kinematics in (12.39) can be solved with the aid of

the results proposed in Theorem 12.1. By the results in [7], we choose

€ sin ﬁj
fo = € C08 Bi |, ¢ >0
% sin 23;

Then
€; Ccos [3;
d » J ) J .
d; ]- — —26]' sin 3; Byj.
K %] cos 2/3;
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Figure 12.1: Communication graph.

It can be verified that f; satisfies the properties in Lemma 12.1.
Let
z1; — fij
Zxj = Txj *_jl = Toj — .f2j

T35 — f35 — flj(x2j - f2j)

the controller is proposed as

Vi = Ty (12.42)
Vaj = T2y (12.43)
- _1 -
M 10 ecosf 1 o 0]
M2j = 0 1 S fism B; 0 1 0 X
—B; | €cosB; 0 %J cos 23, zj —eisinf; 1
> )iz — 2) + Ay (12.44)
LiEN;

where a;; > 0 and A; is defined in (12.15) with n = 3.

In the simulation, we choose P;(x;,y;) = 0.2sint. The desired trajectory z¢ is assumed
to be 29 = [114, Toq, 734] " =. Figs. 12.2-12.4 show the time response of x1,, 7o,, and xs,,
respectively. It is shown that the state of three systems reach consensus.

The tracking control problem of the dynamics in (12.39) can be solved with the aid of
the results in Theorem 12.2. The controller is proposed as in (12.32)-(12.33) if the inertia
parameter vector a; is a constant and is unknown. Figs. 12.5-12.7 show the time response of
T1x, Tox, and T3, respectively. It is shown that the state of three systems reach consensus.

If the inertia parameter vector a; is a constant and is unknown, we can also solve the
consensus problem by the robust control algorithms in Theorem 12.3. Figs. 12.8-12.10 show
the time response of x1,, T2, and xs,, respectively. It is shown that the state of three systems
reach consensus.
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Chapter 13

Conclusions

In this report, we summarized our achievements in research and education. The PI, the
graduate students, and our institute have been benefitted from the support of this project.
We thank the financial support of the ARO very much and hope in the future we can receive
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